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SECTION I

INTRODUCTION

The metal forming processes basically involve large amounts of elastic

deformation, and , due to the complexities of plasticity, the exact analysis

of a process is infeasible in most of the cases. Thus, a number of approxi-

mate methods have been suggested, with varying degrees of approximation and

idealization. Among these, techniques using the finite-element method take

precedence because of their flexibility, ability to obtain a detailed solution ,

and the inherent proximity of their solutions to the exact one .

A prime objective of mathematical analysis of metalworking processes is

to provide necessary information for proper design and control of these

proc esse s. Therefore, the method of analysis must be capable of determining

the effects of var ious parameters on metal flow characteristics. Furthermore,

the computation efficiency, as well as solution accuracy, is an important

consideration for the method to be useful in analyzing metalworking problems .

With this viewpoint in mind , successful efforts have been carried out

in analyzing various deformation processes, such as compress ion, heading,

piercing, extrusion and drawing by the rigid-plastic , finite-element method

(matrix method) [1]-[7].

The formulation of the matrix method, however, cannot be extended to

the sheet-metal forming analysis due to the following reasons:

(1) The classical variational formulation which is the basis of the

matrix method does not necessarily determine a unique deformation

mode. Physically, there is no inherent indeterminacy for work-

hardening sol ids , but this indeterminacy is due rather to the fac t

1
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that the workhardening rate is not included in the mathematical

formulation of the classical variational principle.

(2) The kinematic assumption in the matrix method is not longer valid

for the sheet-metal forming process . As long as bulk deformation

or in-plane stretching are concerned, this kinematic assumption

that the magnitude of the rate of rotation is negligible compared

to the strain rate does not deviate much from the real situation

and yields solutions consistent with reality . Geometric nonlinear-

ity in sheet-metal forming, however , invalidates such a simplification.

The objective of the present investigation is, therefore, to develop and

establish a finite-element method for sheet-metal forming processes.

In Section II various forms of variational formulations are reviewed

in the li ght of uniqueness and geometry change which leads to a realization

of the necessity of new formulations . In Section III a new formulation is

obtained and the development of the finite-element model from it is des~.ribed.

With the particular example of sheet-metal forming processes in mind , the

idealization of plane stress state and membrane theory is implemented .

Furthermore , the development is confined to the case of axisymmetrical

problems .

To establish the validity of the proposed method, three basic sheet-

metal forming processes are analyzed and the solutions are compared with

other available experimental data and numerical solutions . Hydrostatic

bulging is treated in Section IV. Punch stretching with a hemispherical

punch is discussed in Sec tion V. To make the problem trac table , one moving

contact boundary is considered first by neglecting die profile; then the

analysis is extended to include two moving boundaries . In Section VI deep

draw ing with a hemispheri cal punch is solved .

2 
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SECTION II

BACKGROUND

1. Uni queness

We consider the quasistatic deformation of a rigid-plastic solid .

On a portion S,~, of the sur face S of this body are prescr ibed given veloc ities ,

while the remainder ST of the surface S is subjected to given surface trac-

tions I~ . Assuming that these surface velocities and tractions are such

that the entire body is in a state of plastic f low, we want to determine

the stresses 0i.j and strain rates i . .  throughout the body.

The conventional formulation of variational principl e for this prob l em

is that among all kinematically admissible strain rate f ields 
~~

, the actual

one minimizes the expression (Hill [8]),

TI = f ~~~~~~~ dv - I T.v~ dS ( 1)
1 J J 1 1

ST

where ~ is the effec tive stress , ~ is the effective strain rate defined by

=
2 13 ij

.
~ ~~~~C = — Y C .  . C .  .,

3 ij  i j

respectively, where is the deviatoric component of o
~~

• Here a strain

rate f ield defined throughout the body under consideration , is called

kinema tica l ly  admissible if it is derivable from a veloc ity f ield v~ which

satisfies the condition of incompressibility v~~1 
= O~ throughout the body

The comma denotes the differentiation with respect to coordinates, e .g . ,

~v .
V .  .

1 , 1 ax.
1

3 
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and the boundary conditions on S~ . The variational principle in this form

has been successfully ap~ ‘ied to the analysis of metal forming problems,

such as extrusion [6]. As was found out later, and we will discuss this

shortly, the success is related to the type of boundary conditions prescribed

on the surface of the body undergoing deformation . In general, with the

variational formulation of 71
1 

in Eq. (1), there is a question regarding

uniqueness of deformation mode even though the stress field is uniquely

determined [8], [9].

Consider an incipient flow in a rigid-plastic solid , workhardening or

perfect plastic , governed by the following partial differential equations

which are, of course, dual to the variational formulation With respect

to Cartesian reference frame x1 the following equations hold:

Equilibrium equations

= 0 in the absence of body force (2a)

Strain rate-velocity relationship

= !~~~~. . ~ v. .)  (2b)
13 2 i ,j 3, 1

Constitutive equation

= p being an arbitrary constant (2c)

Yield criterion

= / ~~
1y ! . a ! .  = H(E), where E is the effective strain defined (2d)

2 13 13

by E = d~ if d~ = /dc. .dc..
J 3 13 13

Boundary conditions

no. . = ~?. on S , (2e)
3 13 1 T

v. = ~~ . on S , where n. is the unit normal vector to the
1 1 V 3

surface of the body; ~~~ and are prescribed

values

4
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Suppose that (o~P,c~~~) is the solution to this boundary value prob l em .

Construct a different set of stress fields and strain rate fields
ij 13

where o~~~ = 0
U)

, ~~~~~~ = ~~~~~ C is any arbitrary factor and may vary
13 1) 13 13

from point to point throughout the body . Then, it is easily shown that this

set ~~~~~~~~~ satisfies all the governing equations except for the boundary

conditions on S . On S the velocity integrated from should coincide
V V 13

with the prescribed value 
~~~

.. Since strain rate-velocity relation is linear ,

integrating ~~(

J

2) would yield C~~ if is integrated to give 
~~ 

and there-

fore C must be unity on S,~. With this and the compatibility re quirement the

deformation mode may or may not be uniquely determined . One examp le of a

well-established unique kinematic mode is in the plane-strain prol~1em . In

the plane-strain condition, unless one family of the characteristics is

straight , the governing equation cf the velocity field becomes the telegraphy

equation which is hyperbolic and, therefore, the solution is uniquel y deter-

mined if the boundary curve is not along a characteristic.

It can be readily shown that under certain boundary conditions the

set (o *C~~P) also satisfies the boundary conditions on S~, and therefore

the deformation mode is clearly not unique. The following is a partial list

of such boundary conditions.

(1) S,~, = 0, i.e., all the boundaries are traction boundaries;

(2) 
~~

. = 0 on S
~
;

(3) On S~, only the ratio between the velocity components are prescribed ,
V .

1e.g., ~~
— =

3
(4) Mixed boundary condition; e.g., a normal component of 

~~
. and a tan-

gential component of are prescribed over the surface, or vice

versa . In this case, the additional condition of whether all the

charac teristics meet on a curve in the region should be checked [10] .

5
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Concrete examples are (1) the expansion of spherical sh e l l s  [11] or cylindri-

cal shells [12] under interna l pressure, and (4) the indentation of a semi-

infinite body by a flat punch under the plane-strain condition [13], torsion

of a prismatic bar [10]. Among sheet-metal forming processes , hydrostatic

bulging belongs to case (2) and punch stretching to case (4) or (3).

Note that the physical meaning of these boundary conditions is that

the plastic flow is unconstrained and all or part of the body is free to

deform . Mathematically, this nonuniqueness is due to the fact that the

Levy-Mises theory, implied in the variational formulation and also

appear ing in the differential equations (2c) , does not include the

“viscosity effect” (in Prager ’s terminology [9]) and, therefore, this

indeterminacy would be resolved if the workhardening effect is taken into

account . In fact, for the workhardening solid there is no inherent indeter-

minacy in general; the apparent nonuniqueness is due simply to an inadequate

formulation of the problem . In proper formulation, traction rate T1 must be

specified on ST, and then from an infinite number of kinematically possible

modes the actual mode can be singled out by the additional requirement that

there must exist an equilibrium distribution of stress rate compatible with

the implied rate of hardening everywhere in the body and with the given

traction rate T~ on ST. Besides, the workhardening effect is explicitly

brought into the constitutive equation in the form of

hi.. = _ . ~!.L ä (3)
13

where a is the time rate of ~~, h the workhardening effect of the material

being equal to ~ It can be shown that the constitute equation (3)
dC

can always be reduced to the consti tut ive equation (2c), but not necessarily

6
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vice versa. Therefore , for a perfectly plastic solid , specifying the trac-

tion rate does not resolve the indeterminacy. Hil l , then , showed that among

all variational modes compatible with the boundary conditions for on S,,

- 
i and the existing stress distribution 

~~~ 
the actual mode minimizes the

following expression when geometry changes are neglected (Hill [8]):

= 4 J h(c~ .)~ dv - IST 

‘i’
i~
’
~ 

dS. (4)

Note that the virtual mode ~~~~~. in ir should be normal to the yield surface
13 2

at the existing stress point in the stress space due to the compatibility

requirement with existing stress distributions . For statically indeterminate

probl ems, however, there is a coupling between stress field and strain rate

field and we have to solve these two sets of variables simultaneously.

2. Geometry change

When the effect of geome try change canno t be neglected during deforma-

tion, it is necessary to reconsider the specification of the loading on ST

and the stresses since the changes in shape and area of surface elements

ar e themselves unknown .

Let be the position vector in a Cartesian reference frame at time t

and after an infinitesimal time ôt, x1 
be the position . Let us call the

configuration at time t undeformed configuration and the one at time t +

deformed conf iguration. When an actual force dP~ acts upon the area element

da at time t + St , there are Various ways of reckoning this force.

First , the actual force dP. is referred to the deformed configuration ,

or

dP. = n.a. .da , (5a)
1 3 13

7
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where n
3 
is the unit normal vector to the surface element of area da in

a deformed configuration. The stress tensor 
~~ 

defined in this manner

is called Cauchy stress tensor, or sometimes, true stress tensor.

Second, the actual force dP1 is referred to the undeformed confi gura-

tion, or

dP. = N.S. .dA , (Sb)
1 3 13

where N. is the unit normal vector to the surface element of area dA in

an undeformed configuration. The stress tensor S~3 
defined in this manner

is called the firs t kind of Kirchhoff stress tensor , or sometimes , nominal

stress tensor. This tensor has the disadvantage of not being symmetric

and therefore awkward to use in a constitutive equation with a symmetric

strain tensor . Nonetheless , sometimes this stress tensor is used with

nonsymmetric velocity gradients [14].

Third , to obtain a stress tensor, which is symmetric and referred to

the undeformed configuration, we proceed as follows . Ins tead of the

actual force dP., consider a force dP. related to the force dP in the
1 1 0

same way tha t a material vector dX
~ 

is related by the defo rmation to the

correspond ing vector dx1. That is,

ax.
dP . = —i- d P . .  (Sc)

1 ax. 33

Refer this pseudo-force dP
~ 

to the undeformed configuration to define the

second kind of Kirchhoff stress tensor x . . :

dP . = N.T. .dA . (Sd)
1 3 13

Us ing the expression rela ting the area change of the same element during

deformation [15],

8
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p ax .
n .da = —

~~~ N. ~~~ dA, (6)
1 p j 3x.

where p0 and p are densities of the volume element before and after the

deforma tion, the relationship between different stress measures is obtained .

From Eqs. (6). (Sa) , and (Sb),

dP. = n.o. .da = a . .  N dA
1 3 1 3  13 p

(7a)

= N.S. .dA
3 13

or

~ ax.0S.. 0. (7b)13 P ik

and from Eqs . (6), (5a), (Sc), and (Sd),

~ ax . ax .
T —~~ --—-~-0 ~~~~ii P ax~ kr ax; C

Al l these different stress tensors become exactly the same when we

bring the deformed configurations to the undeformed confi gurations and

make them identical in the limit. Stress rates, however, are not the same.

Let Su. be the increment of displacement of the element; then

5s.. = 6a. .  - a . —
~~
-- óu. to the. first order,

13 13 kj 3xk 1

neglecting plastic volume change. Or , in terms of rates ,

~~~.. = .. - a . v .  . (8)
i
~~ 

13 kj  i ,k

Let us compare the magnitude of the second term with that of the f irst term

in the right-hand side of Eq. (8). Since

9 
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3v. 
— ~ 1

3v. 3V
k) 1 1

av~ 3V
k

~~~~~~~~~~~ 
+
~~t~~~

-
~ii.

(9a)
l •

— C .  + - — (~)~2 ik 2 ik ’

where C i k  is the rate of deformation and w.k the ra te of rotation . Then

°kj ~~~~~~~~ 

= •
~~

. 0kj Cik + 4 OJ~J
(~fl~. (9b)

Now , if workhardening charac teris tics are given by the relation

& = H(~ ) , (l 0a)

then

H ’ = ~~~2.

dc
or ( lOb)

, - d&
uC -

For an order of magni tude calculation we can wri te approximately

Ci k = . (b c)

or

Okj Cik = 

a
kJ
a
~k (lOd)

Then , from Eqs. (9b) and (lOd), Eq. (8) becomes

= &~~(l - .-
~4) 

+ 4 a kJ~~ k .  ( 11)

10
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From Eq. (11) we conclude that if the order of the rate of rotation

is the same as or less than the order of strain rate ~~~. ., and if the work-
13

hardening rate H’ is greater than the stress level , then S.. = 
~~~~~~~~~ 

Other-

w ise , geometry change should not be neglected .

I t  could be shown [16] that when geometry change is taken into account ,

the condition for continuing equil ibr ium requires that

as . .
—

~~~~~~

- = 0 in the absence of body force.

Using this condition, H ill subseq uently derived the following variational

formulation [17]:

71 = ~~- I h(~~ .)
2 dv - 2~ 1 a .v! v’~ .v dv - 1 T.v~ dS. (12)

3 2 j 13 2 j kj i,k j , i i. i
T

Formulation 71
3 

follows essentially the same line of formulation 
~2 

except

that now geometry change is considered . In the formulation 7t
3~ 

as well as

in 
~2’ 

virtua l mode must be compatible with the existing stress distribution

and the boundary condition on Sb,. As has been discussed earlier for statically

indeterminat e problems thi s is not an appropriate formulation .

Summarizing the development so far, the kinematic mode in sheet-metal

forming of a rigid-plastic solid is not uniquely determined by considering

the first-order expansion of the potential alone. Consideration up to

second-order expansion of the potential , or equivalent consideration of

workhardening rate in a physica l sense , needs stress rate terms explicitly

in the variationa l formulation. When geometry change cannot be neglected ,

these stress rate- are related to stress distribution , which is not known

for statically indeterminate problems . The approach of viewing the deformation

11 
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as determining the incipient flow by assuming the deformed configuration

coincident with the undeformed configuration clearly does not lead to a

workable variational formulation for sheet-metal forming of a rigid-plastic

solid. In this respect, it is intended to develop an appropriate variational

formulation in the next section.

12 
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SECTION III

FINITE-ELEMENT FORMULATION

1. Variational formulation

Let x. be the position vector in a Cartesian frame of reference at

time t, the moment under consideration. Let a. . be the true stress at
13

time t and a. . + do. . the true stress in the same material element after
13 13

an infinitesimal time dt, both tensors being associated with the same

Cartesian axes. Let ds. . be the increment in nominal stress in the same
13

element in time dt, based on the dimensions at time t .  Let du. be the
1

increment of displacement of the elemen t, then

a(du
~
)

ds. . = do. . - a. . (13)
1) 13 3 ax k

Requiring continuing equilibrium of stresses, the virtual work princip le

gives

a(du.) a(du.) r

‘V ~~~ 
+ da.~ - 0kj ax k J(~ ax~ 

) dV = 
J SF 

(E. + dF~ ) 6 (d u~) ds,

(j4)

where 1. = L.a.. and dT. = L . d s . . ,  9.. being the unit normal to the surf ace
3 1 13  3 1 1 3  1

at time t. The variational formulation is obtained from Eq. (14) as follows:

~ 1 ~ r 1 a(du.) a ( du . )
= I a. .dc . . dV + I — hdc .. dV - I — a . 

1 
~ dV

‘.J V 13 13 i v 2 ij  2 kj  ax k ax~

- I (T. + dT.)du. ds~ = 0,
~ ‘ ~‘F

13
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where

(a(du.) a ( du . )~d~.. = ’~ I 1 
+ (15)

ij  2 ax. ax. J- 3 1

and h = H’ , with H’ the slope of the stress and strain curve. The first

three terms of the functional q represent the energy dissipated during the

time dt up to the second order. If it is assumed that the principal

axes of true strain-rate keep the same directions in the element and the

principal components of strain-rate maintain the constant ratios during

the time dt , the dissipated energy can be expressed directly [18] as

~ 
(a dE + !hdE2)p p  2 p

per unit volume , where dE~ is the logarithmic strain components. The f inal

form of the functional becomes

= ãdE dV + ! J H’(dE)2 dV - f (T. + dT.) du. dS, (16)
v s ~F

where d~ is def ined by

= 

~‘T~: 
(dE~)

2

2. Theory of the finite-element method

An important step in finite-element modeling is obtaining approximate

state equations in a region. The weighted residual method derives the state

equations directly from the governing differential equations. Let us write

the governing differential equation as

Lu - f = 0, (17)

14
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whe re L is the differential operator, £ is the known function, and u is

the solution. Withthe trial solution u~, Eq. (17) is not satisfied, but

there remains an error or res idual R such that

R = L u * _ f .  (18)

This residual is multiplied by weight function w and integrated over the

domain and the state equations are derived from the condition that this

integral vanishes with a given choice of weight function w:

J wR d v = 0 .  (19)

One well-known method among weighted residual methods is Galerkin ’s approach .

A more frequently used approach is the derivation from a variational

pr inc iple wh ich is a dual expression of the govern ing differential equation .

Assume that a functional ~~, which is equivalent to the differential equation ,

has been established . Let a continuum be divided into a finite collection

M of subdoma ins called el ements interconnected at a f inite number of nodes

N. If it is true that the total functional is equal to the sum of the

contributions of each element ~~m), then we may write as follows:

M (m)
~ (u). (20)

m= 1

In each element let us approximate the solution with a linear combination

of trial functions v~ such that

u 
~ 

(21)

holds , where c~ are unknown coefficients to be determined later . By

substituting Eq. (21) into Eq. (20), we ha ve

15
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M
= ~

m= 1

= 

m~l 
~(m)
() since v1’s are known (22)

= 
~~~~~

The or iginal ‘~ of u is now discretized with a function of parameters c&1,

and the initial variational problem reduces to determining the ct~ that

minimizes cp . The minimization of-p with respect to a
~ 

may be written as

= 0, (2 3)

where ~ denotes the first variation. Since c*~ ’s are independent, express ion

(23) is equivalent to a set of simultaneous equations,

= 0. (24)

This is, in fact, the classical Ritz techni que . It is the choice of trial

functions that makes the finite-element method different from the Ritz

method and renders it successful; they are piecewise polynomials. Bsides,

the coefficients ct., called nodal values in the finite-element literature,

do have a definite physical meaning, such as displacement or veloc ity.

The tr ial  function v
~ 

must satisfy certain requirements to enable

convergence as the subdivision into ever smaller elements is attempted .

First , as the element size decreases, the functions in the integral must

tend to be single-valued and well behaved in physical problems . This is

called the “comple teness ” requirement and is satisf ied if the trial function

is of class c1’ when p is the highest order in the integrand of the

16 
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functional. Second, the validity of the summation implied in Eq. (20)

must be preserved . This is called the “compatibility” requirement and is

satisfied if v. is of class ~~~ [19], [20]. When admissible trial functions

are used, the functiona l converges monotonically with an increasing number

of elements (or decreasing size) at a rate proportional to h2 where h is

a characteristic element dimension.

3. Modeling of axisymmetric problems

The general outline of the finite-element modeling stated above will

be expanded in detail for the case of axisymmetric thin shells subject to

axisymmetric loading . This particular problem is of interest since some

basic sheet-metal forming processes belong to this category . When the ratio

of thickness to the radius of curvature is sufficiently small , bending

moment and shearing forces may be neglected without serious error and the

membrane theory may be justified [21] . Moreover, the state of stress can

be treated as an approximate plane so long as is small compared with

unity, where t is the local thickness and s is the distance in any direction

parallel to the surface. We now may rewrite ~ with the substitution of

t dA = dv to Eq. (16):

= J ä(d~)t dA + H’(d~)
2(t dA) - (T + dT)du~ dA (25)

for the unit included angle of the element , where A is the area of  the

elemen t and t is the sheet thickness.

From the symmetry of the problem it is easily shown that the circum-

ferential direction and the meridian direction are the principal directions

and if the friction between the shell and the external agent is negligible ,

the thickness direction will be the third principal direction . Within the

17
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order of approximation taken in the formulation , the logarithmic strain incre-

ment may be used as the strain increment measure . Then the definitions of

strain increments are

S

IdE ) IdE ) 
ln—

dE= . [ 
l~~~~~ ri 

0 
, (26)

dE dE r
— 2 6 in—r0

if, during an incremental deformation , an element of undeformed length s~

is stretched to the length s and the point currently at the radial distance

moves to the deformed radial location r. Subscripts r, 6 refer to the

meridian and the circumferential direction , respectively.

To bring the model closer to reality in the present investigation ,

normal anisotropy is included and the corresponding stress-strain increment

relation is obtained , using Hill’s criterion [13], as

dE dE -

(1 + R)Gr 
- Ra6 

= (1 + R)a: - 
= 

dE (27)

where R is the planar isotropy parameter which is the ratio of width strain

to the thickness strain in uniaxial tension . The effective stress and the

effective strain are definedt as

= 
1 + R  0r

00 + (28a)

d~ = 
1 + R /2 + .

~ 

2R dE0dE + dE~ . (28b)
r + r

~Note that H’ = must be consistent with these definitions .
dE

18
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The effective strain, d~, may be writ ten in matrix form as

d~ = /4 [d~TD dE]~~
’2
, (29a)

where

‘ l + R  R
D — 

3(1 + R) (~~)~)— 2(1 + 2R) R 1 + R 
-.

The sheet geometry is approximated by a series of conical frustra , as

shown in Fig. 1. Linear trial functions, or shape functions , as they are

often called in the finite-element literature, are enough since the inte-

grand in the functional is of class C~ . The unknown coefficients , or noda l

values, are taken to be the incremental displacement at nodes . Then we nay

write

~
(m) 

= (dv1,dw1,dv2,dw2
)T

(30)
T

= (du 1,du2,du3,du4
)

for a representative element n, where dv., dw. are the radial and the axial

components of incremental displacement of the i-th node. Then the incre-

mental displacement field inside the element may be written as

_ _ _ _  

dv
1

fdv) 
2 2 dw 1

= = (51)
~dwJ 1 + t~ 0 

- ~~1 dy 2
0 2 2 1dw 2

= NU (m)
,

where t’ is the local coordinate varying from the value of -l at node 2

19
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Figure 1. Approximation of the Sheet Geometry
into a Series of Conical Frustra

to +1 at node 1. (See Fig. 1.) Due to this incremental displacement field ,

an element of length s0,

S
0 

= p4(r~~ - (r0)2}
2 

+ { (z
0)2 

- (z 0)1}
2,

is stretched to a new length s,

S = - (r
0)2 + dv 1 - dv2}

2 
+ { (z 0)2 - (z

0)1 + dw
2 

- dw1}
2

_______________________ (32)
2 2

= ,‘(r1 - r2
) + (z 2 - z1) ,

where (r0)., (z0)~ 
are the radial and the vertical positions of the i-th

node at the undeformed configuration and (r)., (z). at the deformed

configuration. Since the element is straight, any point of t in the local

coordinate is shown to have a global radial position r0 determined by

l + t ’  1 t’
= 
~ 2 )(r

~
)
~ 

+ ( 
~ )(rO)2. (33)

The new position r of the same particle is given by

(1 + t’) (1 — t’)r = r0 + 2 dv 1 + 2 dv2. (34)

20
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We are now at the position of calculating the strain increment field.

Recall the equation (25) and substitute Eqs. (32), (33), and (34) into it

to obtain

~ ~~ro)~ - (r0)2 + dv1 - dv2}
2 

+ {(z
0)1 - 

(a0)2 + dw2 - dw1}
2

~~ln 2

d 0
— 

ln 
~~ + 

(1 + t’) dv1 + 
(1 t’) dv2

r0
(35)

(m)
We may write 4 , a contribution from the m-th element to the total

functional ~~, in terms of nodal values, for unit angle included:

~ (m) 
= {äd~ + 4 H’(d~)2 t dA - f (T~ + dT.)v. dA

= ~f ac/4 t)[dETD d~]
1”2 dA + 4 1 H’(~. t)[dETD dEl ~ - J .~,I~~(m) ~~

(36)

where

T1 
+ dT1

T + dT
T =  2

T3 + dT3
T4 + dT4

Minimization gives a set of simultaneous equations:

____ = J /4 t a d ~
T
~ d~ ]~

112 
:
~~~~

T
p. dE dA + f (.

~
. t)H’ D dE dA

(37)

_ f N
hT d A .

From Eq. (35),
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a(dE 1) 3 (dE2) r
1 

- r
2 

_____

3u1 3u1 ~2 2r

a(dE1) 3(dE )  — (z2 
— z1)

_ _ _  2 _ _ _ _ _  0
(d~) 

3u2 au2 S
2

(m) =
~~~~~

= = (38)
au a(dE 1) a(dE 2) -(r1 

— r
2) 1 - t’

2 2r

a(dE1) a(dE2
) (z

2 
— z

1)
_ _ _  — 02

Therefore , Eq. (37) becomes

_ _ _  = J (~ t)ä[~ dETD dE]~~~
2
~~ dE dA + J (~ t)H’Q~ d~ dA - J N~T dA = 0.

(39)

These equations, being valid for an m-th element, are now to be combined

under the condition of compatibility that the first-order derivative of

nodal value may be discontinuous across element boundaries but the nodal

value itself must be continuous,

a~~m)

au (m) = 0. (40)au

4. Linearization

Eqs. (39) and (40) are nonlinear equations and it is very diffi cult

to solve them without linearizing . One way is to take an initial guess of

the solution to the equation as u~’ and rewrite Eq. (39) in terms of the

differences between this initial guess and the correc t solution ~u, where

u = u~ + ~u, and expand it . Where the initial guess is sufficientlycorrec t
close to the correct sol ut ion , we may neglec t higher-order terms of ~u and

22 
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thereby linearize successfully. This can be done mathematically in a

systematic way and is called the Newton-Raphson method [22]. Say we have

a nonlinear equation i~(u) = 0, then we may expand into a series with respect

to the correct solution u0 such that

~(u) = 
~
(u
~
) + {

~
) (u - UO) + 4{4) Cu - uo)

2 
+

u=u0 du u=u

= + 
[

~~k J *L~ u + ~
(
~~4~(~h1)2 + . . .  = o.

If u and u0 are sufficiently close, we may neglect the higher-order terms

and write

= + 
{
~~)*t~u = 0. (41)

a
In our formulations the equations to be minimized are ---

~
--y = 0, and ,

au
therefore, the expressions corresponding to Eq. (41) are

a 2 (m) * a 
(m) 

*

au~m) aucmj 
(tiu) = 

~

- . (42)

It may be shown that

a 2
~~

m) 
= 

( )  
= 

~~
- I .~L .( o ~- U’ d~) (K - 

2 bb”
l + 

2 H~bbT~~ dA
au~m) auc m) ~ ~ d~ ~ ~ d~~ ~ dE 2

~1 3

(43~)

where

b = Q D dE

K = QDQT

- 
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• and that

(m)aç 
= 11 (m) 

- F
(m) (43b)

au
(m) —

where

H(m) = 

~ 
_L 

~~ + H ’dE)bt  dA ,

F
(m) 

= J N~T dA.

By assembling the equations obtained for an element, we finally have

p*Au = F - H* (44)

We evaluate the integrals with the Gaussian quadrature formulation.

We have yet to introduce the boundary conditions for solving a physica l

prob lem. For an incremental displacement prescribed boundary, the corres-

ponding perturbations should vanish and, for a traction prescribed boundary,

the prescribed traction value will enter into the F vec tor. The solution

procedure is as follows :

(1) Assume an in itial guess u1, and compute P. H, F corresponding

to this guess.

(2) Solve Eq. (3.31) and obtain ~u.

(3) Obtain a new initial guess u2 = u1 + ~u .

Repeat this process until convergence is achieved . Convergence is checked

by the fractional norm. A norm is defined by a square root value, i.e.,

/2 2
Ou ll = ~‘u1 

+ u2 
+

and
24



I~uI = ~~~u1)
2 

+ (~u2)
2 

+ ...

The fractional norm is the ratio and when, for subsequent iterations,

this value reaches the magnitude smaller than a predetermined value, say,

io.6 , the iteration stops and the solution is thus obtained .
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SECTION IV

HYDROSTATIC BULGING

1. Introduction

The ductility of sheet metal under biaxial stress is o-ften examined

by means of the so-called bulge test. A uniform plane sheet is placed o-ver

a die with an aperture and is firmly clamped around the perimeter . An in-

creasing hydrostatic pressure is applied to one side of the sheet, causing

it to bulge through the aperture. From the measured profile and thickness

of the plastically deformed sheet near the pole, it is possible to calculate

the local state of stress in terms of the applied pressure . If , in addition,

the state of strain is measured by means of a grid, the stress-strain char-

acteristics of the metal under biaxial tension are obtained. The advantage

of this test over any other simple one is that a greater range of pre-

instability strain can be obtained.

Hydrostatic bulging is not only important as a material property test,

but also as a forming operation. Thus, a number of theoretical investiga-

tions, dealing with axisynimetric hydrostatic bulging (Fig. 2) has appeared

in the li terature.

The classical analysis of bulging is the one by Hill [23]. His solu-

tions are, however, special ones. Instead of analyzing deformation with

a given stress-strain characteristic, Hill f irst adopted special kinema tic

assumptions and from them deducted the necessary stress-strain character-

istics which satisfy all the governing equations under the prescribed

kinematic mode. The kinematic assumptions are first, that any material

element describes a circular path which is , moreover, orthogonal to the

26 
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Figure 2 Schematic view of hydrostatic bul ging .

momentary profile, and second, that circumferential strain is numerically

equal to the tangential strain. The required stress-strain characteristic

is found to be an exponential type. Hill’ s other solution on a linear

workhardening solid uses the method of successive approximation by adopting

a yield criterion which is neither von Mises nor Tresca, for the purpose

of mathematical simplicity .

Analyses of work by Woo [24], Yamada [25], and Wang [26] are based

upon the realistic choices of stress-strain characteristics and the yield

criterion. In applying the deformation theory of rigid plasticity, Wang

experiences a mathematical difficulty and attributes this to the fact that

the differential equations associated with the deformation theory possesses

a singularity which has the effect of restricting the range of calculation

within a certain value of the polar strain. Besides, the agreement of

deformation theory predictions with the experiment is rather poorer than

the incremental theory prediction [27].

In applying the incremental theory of rigid plasticity, researchers

experience a difficulty in satisfying the boundary condition at the fixed

edge, i.e., c~ = 0. To avoid this difficulty, Woo uses the deformation

theory, while Yamada reasons that introducing an elastic strain component

into the formulation will resolve this “mathematical difficulty” (in

Yamada ’s terms) and turns to the elasto-plastic constitutive law . Another

theoretical work of interest comes from Wang, using the parametric repre-

sentation of the stresses.
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The only published solution on hydrostatic bu ging using the finite-

element method is the one by Iseki et al. [28], with the incremental theory

of elasto-plasticity .

2. Computationa l procedures

In adopting the finite-element model to hydrostatic bulging, i t  is

necessary to reconsider the external work increment term , since the pressure

is uniform over the entire surface of a closed shell. In this case the

increment of external work may be written as [29], [30J,

Aw = pVV , t~45)

where V~ is the increase of the volume enclosed by the deformed sheet and p

is the pressure acting on the deformed configuration .

As an initial condition, Hill’ s special solution is utilized . In

other words, the initial profile of the bulge is assumed to be a part of —

2
a sphere whose radius is given by r = ~~ (i— + h), where a is the radius

of the original blank and h is the polar height at the moment . With this

geometry, a pressure p is prescribed . This pressure should be greater ,

at least, than the pressure which makes the sheet having initial geometry

everywhere plastic. The initial guess on the incremental displacement

is also obtained from Hill’s special solution by assuming normal trajectory

of the element particle to the bulge profile. The program for computing

the initial guess is given in Appendix A.

When a converged solution is obtained for the given pressure, a new

bulge profile is determined from the initial bul ge profile and incremental

displacement grid . Then the pressure is assigned a higher value and the

converged solution for the previous step is used as the initial guess for

the incremental displacement field and the computation continues in this

way. The program for the analysis of hydraulic bulge is given in Appendix B.

28
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3. Results and discussion

To examine the validity of the present FEM for hydrostatic bulging,

the solution is compared with those achieved by the elasto-plastic FEM

and the experiment .

The fol l owing conditions were employed for the compar ison with the

elasto-plastic FEM:

- - 0.2 9 2
Workhardening characteristics : o = l05(.0019 + 6) x 10 kg/rn

= l .036(.0019 + E)O . 2  x 109N/m
2

Thickness: 3.0 X lO 4m ( 0.3 mm)

Radius of the sheet: 2.4 X l0 2m (= 24 nun)

Anisotropy parameter: 1.0

An identical problem was also solved by Yamada [25], using the finite-

difference method with the elastic-plastic theory . Fig. 3 shows the rela-

tionship between hydrostatic pressure and the polar thickness strain. The

solid line represents the elasto-plastic FEM (and also the finite-difference

method) and the points indicate the solution given by the rigid-plastic FEM.

The deviation of the first point by the rigid-plastic FEM is thought to

reflect the approximation involved in the initial condition that the sheet

is everywhere plastic and that the initial geometry is a part of a sphere .

The solution can be improved numerically by taking a smaller value of h

in generating the initial condition. Nevertheless , the solutions after

this first step are in extremely good agreement with the elasto-plastic FEM

and any disturbance in the initial conditions does not matter after an

initial deformation of a small magnitude. The pressure increment is raised

by twice after some deformation and it is to be noted that the solutions

29 

:___
~~~~~~~ ~~~~~~~~-- - - - - - 

J



-
. 

— ~~~~~~~~~~~ F k

• p i _ -~~1_ ~~~•~_ ’  - -~

• O.~ 0 . 5  0. E 0 7

Figure 3. Hydrostatic pressure vs. polar thickness
strain.
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with the larger pressure increment size are still accurate. This means

that the method is computationally economical with a reasonable accuracy .

After the last point in the diagram the solution diverges and it is thought

that the pressure maximum has been reached. The convergence is excellent ;

in every step, five to seven iterations seem to be sufficient . Fig. 4(a),

(b) show the comparisons of strain distributions . The circumferential strain

distributions are in good agreement . The tangential strain distribution by

the rigid-plastic FEM deviates somewhat at the edge from that by the elasto-

plastic FEM. The tangential strain is more sensitive to the method emp loyed

than the circumferential strain, but this deviation of tangential strain is

not serious because the solution closely follows that by the finite-

difference method and we may conclude that the strain distribution is

accurately predicted . Fig. 5 shows the distributions of stresses when the

polar thickness strain is (-0.4) . Fig. 6 shows the bulge profile at some

stages of deformation. A number of material elements are traced during

deiormation and are shown on each bulge prof ile .

Next, the solution is compared with Mellor ’s [31] experiment on half-

hard aluminum .

Workhardening characteristics: a = 15 ,460(1 + 0.76c) psi

= 1.066(1 + 0.76c) >< lO
8N /m 2

Radius of the sheet : 5.0 inches = 1.27 m

Thick ness: .035 inch = 8.89 x l0 4
m

Anisotropy parameter : 1.0

One thing to be mentioned is that in the actual experiment , the die has

a round profile of radius in., but in the analysis this profile has been

31
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neg lected . Fig. 7 shows that the agreement of the relation between pressure

and polar height is good . The agreement in the bulge profile is also excel-

lent, as in Fi g. 8. As shown in Fig. 9(a), (b), the theoretical circum-

ferential strain still closely predicts the experimental one, but there

is some discrepancy in thickness strain distribution . As has been mentioned,

the actual die has a round profile which has been neglected in the analysis ,

and it is thought that the thickness strain is more sensitive to the profile

than is the circumferential strain. Ini tially , there is virtually no dis-

crepancy , but increases at later stages. This may be explained by the fact

that initially the sheet is not in contact with the profile, but as deforma-

tion con tinues, more of the sheet is biought into contact with the profile

and makes the actual situation different from the one used in the analysis .

In general , the theoretical pred iction by the rigid-plastic FEM is

in good agreement with both the experiments and the analyses by the elasto-

plastic FEM and the finite-difference method .
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SECTION V

STRETCHIN G OF A SHEET WITh HEMI SPHERICAL PUNCH

1. Introduction

Punch stretching is commonly used to assess the pressing quality of

sheet metals. A circular sheet is clamped firmly along the periphery and

is stretched by a rigid punch of hemispherical shape. The depth of the

deformed sheet when it fractures is usually taken as a measure of ductility .

See the schema tic diagram in Fig. 10.

An experimental investigation of punch stretching as a forming problem

dates back to Loxel y and Freeman [32], who demonstrated that the interfacial

friction between the punch and the sheet has a significant effect on the

strain distribution in the sheet and , consequen tly, on the location of

fracture and dome height when the sheet fractures. Keeler and Backofen [33],

in characterizing the limit stretching, followed the strain history of each

element with the progress of deformation and observed the occurrence of

discontinuity in tangential strain at a certain element, which was subse-

quently interpreted as the onset of diffuse necking [34]. Based upon Hill’ s

analysis [35], they be lieved that localized necking is not possible in punch

stretching, but that only diff use necking takes place, increasing the over-

all nonuniformity of stra ining .

The observation of localized necking in situations where Hill’s

analysis denies one has been well established in the case of in-plane

stretching and has prompted the development of Marciniak and Kuczynski’s

theory [36], [37]. In punch stretching, Gosh and Hecker [38] observed

loca li zed necking and reported that local neck ing sets in even though
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the plane-strain condition, wh ich is thought to be responsible for local

necking in in-plane stretching, is not ach ieved . This is attributed to the

fact that in punch stretching an increment in tangential strain is geometri-

call y tied to an increment in circumf erential strain and , therefore, the

approach to plane-strain condition becomes slower . Another experimental

investigation of punch stretching is the one by Alexander and Kaf tanog lu

[39]. They observed that the deformation is limited by the “strain

propagation instability” or , local necking in common terminology, and not

by “maxi mum load ins tabili ty” or , diffuse necking .

From the viewpoint of the deformation analysis, punch stretching is a

compl icated problem because a moving boundary separates the region in contac t

with the punch head from the unsupported one. The friction over the punch

head gives rise to additional complica tions . One special sol ution is by

Chakrabarty [40]. Following the line of Hill’s special solution on hydro-

static bulging he obtained an analytical solution for a special material

having exponential type stress-strain characteristics. For more general

materials the only solutions available are the numerical ones . Numerical

solutions of importance are those by Woo [41] and by Wang [42], [43].

Woo ’s and Wang ’s solutions were obtained by the finite-difference

method . The only solution by the finite-element method on punch stretching

is one by Wifi [44]. His elasto-plastic , finite-element model does not

neg lect the bending moment nor the effect of shear stress and uses two-

dimensional triangular elements to take the thickness variation into

account . Friction, wh ich is of primary significance compared with the

secondary effec t of bending and thickness , is assumed to be perf ect, meaning

that once the elemen t touches the punch head , it does not slide over the

punch but sticks to it.

40
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2. Computational procedures

In applying the finite-element method to punch stretching , a thought

should be given to the imp lementation of boundary conditions . The boundary

- 

- 

conditions in punch stretching are stated not only by prescribing tractions

and incremental displacements but sometimes by their ratios. In this

report, the problem is similar to the ball indentation problem (Lee et al .

[45]).

The radial and vertical positions of the material elements in the

contact region are not independent but they are related to each other

through a mathematical expression for the geometrical requirement that they

must be actually on the surface of the punch head. The expression is

(r0 + v)
2 

+ (c + z
0 

+ w)
2 

= r2, (46)

where r0, z0 are radial and ver tical positions of the element at the present

undeformed configuration; v, w are the increments of horizontal and vertical

displacements , and c is a parameter related to the punch height h by the

expres sion

o = r - h.
p

See Fig. 11. Recall that the finite-element formulation in Chapter IV has

already been linearized and what it really solves for are the perturbation

terms . Therefor e, we also linearize the boundary condition (46) to obtain

2(r0 
+ v*)Av + 2Cc .‘- z0 + w*)~ w = r2 - (r

0 
+ v*)2 — (c + z0 + w*)2, (47)

where starred (*) quantities are initial guesses, and tiv, tiw are perturba-

tions . By rearranging (47), we have
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t~v = i~w + ~~~, (48a)

where

(r 0 + v *) 1a _
(c + z + *)

_
tan O 

(48b)

and

2 2 - 2
r - (c + z 0 + w*) - ~r0 

+ v *)

= 2(r0 + v *) . (4Sc)

When the finite-element model is implemented , all the tractions are trans-

formed into generalized nodal forces . Therefore, it is convenient to write

the boundary condition in terms of the generalized nodal forces Tt
(r) 

and

the horizontal and vertica l components, respectively. See Fig. 11 .

Now

it = N c o s €) - S  sin e(r) (4 1 ) )

it = N s i n 0 + S  cos e(z )

where N and S are general ized forces normal and tangential to the punch

head . We eliminate N through the relation

cos
2
B + sin2O = i

and obtain

it c o s 0 = i r  s i n O + k , (50)z r

where k is the frictional force at nodes . However , from geometry we know

that the followi ng holds:
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r
0 

+ v*
cos 0 = r ‘ (Sla)

p

z + w~ + c
s i n 0 =  0 

r~ 
(51b)

So , (50) may be written as

it krpit (z) + 
a 

— 

(r0 + v*) (52)

If the die has a round profile of the radius rD, then the requirement

for a material element to lie geometrically on the profile is similar to

the requirement to be satisfied on the punch head . Therefore , we have

(similar to Eq. (46)),

2 2 2(a - r0 
- v) + (rD - z0 - w) = rD, (53)

where a is the radius of the sheet . Linearization of Eq. (53) g ives

2(a - r0 - v*)~v + 2(rD 
- z0 - w*)~w = -r~ + (a - r0 

- v*)2 + (rD 
- z0 - w *)

(54)

or, rewriting ,

(55a)

where

(a - r0 - v*)
= - (rD - z0 - w*) (55b)

and

2 2 2

= 

(a - r0 - v*) + (rD - z0 - w*) - r
D (55c)

2(a - r0 
- v*)
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The tractiona l boundary condition over the die profile can be written

similarl y as

kIDh o + = - 
(a - r0 

- v*) (56)

For the portion of the sheet which is not in contact with the punch

head nor with the die profile , the disp lacement increment in the radial

direction and the disp lacement increment in the axial direction are not

bound to each other, as is the case for the contact region , but remains

as independent variables . Tractions are, however , given the value of zero .

With the advancement of the punch head , the portion of the sheet in

contact with the punch or die profile increases and , consequentl y,  the

boundary separating this “contact region” from the “unsupported region ”

changes. The presence of this moving boundary is always a source of comp l i -

cations in the numerical analysis of punch stretching because it requires a

basically trial-and-error approach. The treatment of the moving boundary

used in the present analysis for punch stretching without round die corners

is explained in detail as follows :

First , assume the position of the boundary in future configurations.

In the FEM this means assuming which nodes will be in contact with

the punch head in the future configuration . Then, obtain a converged

solution based upon this assumption and check to see if it is true .

Since the position of the boundary is already known in the current

configuration , in practice we assume and check how much this boundary

advances .

(1) Check whether the boundary is assumed to advance too fast.

Compute the normal component of the generalized nodal force 

~~~~~~~ - -~~~--~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~



to the punch head for the nodes in contact with the punch head .

If every generalized normal force is directed outward from the

punch head , then all the nodes which are assumed to be in contact

with the punch head actuall y do so. On the other hand , the gener-

alized normal force in the direction toward the punch head for

any node means that external force other than the one exerted

by the punch is necessary for this particular node to conform

with the punch geometry . Since there is physically no source

of applied force other than the punch , the assumption that this

particular node is in contact with the punch head is not correct

and the position of the boundary should be re-assumed to exclude

this node from the contact region.

(2) Check whether the boundary is assumed to advance too slowly.

Compute the distance between the nodes in the unsupported region

and the center of the hemisphere of the punch head . If this

distance is shorter than the radius of the punch head for any

node, it means that this particular node is inside the punch

head . Since this is phys ical ly  imposs ib le , the assumption that

this particular node is not in contact with the punch head is

not correct and the position of the boundary should be re-

assumed to include this particular node .

Although this basically trial-and-error approach seems to be very

time consuming, in actual computation we can predict the movement of the

boundary fairly accurately based upon the distance between the free nodes

and the punch surface. Furthermore, since we al ready k now the pos ition of

the boundary in the current configura tion, it is enough to check the

46
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boundary assumption for only a few nodes neighboring the previous position

of the boundary , not for whole nodes .

The procedure described above for the contact region on a punch head

is also applicable for the contact region at the die corner . Handling two

- 

- 

- 
moving boundaries simultaneously really does not invoke any new theoretic-i l

difficulties but only takes more computation time and may be impractical

for inefficient numerical methods.

In order to implement Coulomb friction between sheet and punch or die ,

we first prescribe a tangential friction force S and obtain a converged

solution and then compute generalized nodal forces . From Eqs. (4i) we then

are able to compute the normal component N and the friction coefficient

= corresponding to the initiall y prescribed value of S. If the com-

puted friction coefficient is not what is intended , then we modify the

S value and repeat the process. It should be noted here that the correction

of frictional force S needs the necessary modification onl y in the F matrix

(E q .  (4 -1 ) ) ,  while the stiffness matrix P, which is the most time-consuming

part , remains the same .

The deformation step is controlled by the punch head increment , which

is desi gned in the present codes to yield the maximum increment of effec-

tive strain roughly equal to a preset value . In the present work the

optimum size is shown to be a 0.04 increment of effective strain. The

solution generally converged after 10 r- 15 i tera t ions  for a sing le step

within the fractional norm of lO
_6

. The actual program is shown in -\ppc nd ix  C.

3. Results and discussion

The present rigid- plastic FEM is compared with the finite-difference

methods by Wang [43] and Woo { 4l ] ,  and also wi th  the experiment by

Kaftanog lu and Alexand~00r [39].
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(1) Comparison with the finite-difference solution by Wang

The parameters used in Wang ’s example are as follows :

Material : copper

Stress-strain characteristics: ~ = 30.5c0~~~
6 ton/in.2

= 4.6361c° 326 x lO
8
N/m~

Anisotropy: R = 1.0

Friction: ~t = 0.04

Thickness: t = 0.035 in. = 8.89 X 10 2 
m

—2Punch radius : r = 1.0 in. = 2.54 x 10 m
p

Radius of sheet : a = 1.15 in. = 2.921 x io 2 m

Initial radius is sometimes denoted by r0.

The two methods are in excellent agreement in predicting the punch

head for a given punch travel . See Fig. 12; the solid line represents

Wang ’s solution and the points represent the rigid-plastic FEM . Fig. 13

shows the thickness strain distribution. Again , a good agreement between

the two solutions is apparent .

The second example has the following parameters:

- - 0 . 2Stress-strain characteristics : a = ke

Anisotropy : R = 1.0

Friction: p = 0.2

Punch radius : r = 1.0p
Radius of sheet : r0 

Is 1.0

In Wan g ’s work all the results are reported in the dimensionles s number.

Figs . 14 and 15 show the circumferential strain distribution and thickness

strain distribution , respectively . The solid line represents Wang and points
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r
represent the rigid-p lastic FEM . Excellent agreement of the two solutions

is demonstrated .

The step size has an important effect upon the accuracy and efficiency

of the solution. The smaller the step size, the better the accuracy , al-

though more computation time is required . Fig. 16 demonstrates that there

is a limit to increasing efficiency while maintaining accuracy. For examp le ,

solutions with a step size of 0.08 in the effective strain increment deviates

considerab ly from the solutions obtained with step sizes of .02 or .04. In

the remainder of the work the step size of .04 is most often used .

Compared with this significant effect of step size , the mesh size does

not exert a great influence upon the solution , as is demonstrated in Fig. 17.

The solution with a coarse mesh (10 elements) is essentially the same as

the one with a finer mesh (40 elements) , even though the latter will b~

helpful in pinpointing the exact location of peak strain.

In the examples above , there is only one moving boundary , that between

punch and sheet , since the presence of the round die profile is neg lected .

In practice , the die alway s has a round profile and as the radius of the

profile gets larger , it becomes necessary to include the die profile in

the analysis. In this case there are two moving boundaries , the second

being the one between sheet and die. The only work reported which includes

the die profile into the analysis is the one by Woo .

(2) Comparison with the finite-difference solution by Woo

The parameters in Woo ’s example are:
0 504

Stress-strain characteristics: a = 5.4 + 27 .8c t o n / i n .

for c < 0.36: = (0.08208 + 0.4225690
0.504

) X 10 9N / m 2

= 5.4  + ~~~~~~~~~ ton/in .

for c > 0.36: = (0.08208 + 0.37089 
0.375

) x l(Y~N/m~
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Material : copper

Punch radius: 1 in. = 2.54 x l0~
2 
m

Die profile radius: 0.3 in. = 7.62 x lO~~ m

Radius of sheet : 1.3 in. Is 3.302 x lO
_2 

m

Coefficient of friction: 0.04

-s Thickness of sheet: 0.035 in. = 8.89 x l0~~ m

Fi gs. 18 and 19 are the thickness strain distribution and the circumferential

strain distribution. Solutions by Woo are represented by solid lines and

the solutions by the rigid-plastic FEM are represented by points. Agree-

ment between the two solutions is excellent for most of the deformation .

However, at later stages of deformation, a discrepancy is observed around

the edges. Re-examining Woo ’s computational procedure reveals that in

order to avoid the difficulty of satisfying boundary conditions exactly

along the fixed edge (C o Is 0), he allowed a small increment of circumfer-

ential strain along the edge at each stage . In the present rigid-plastic

FEM such difficulty does not exist , so there is no need to relax the

boundary condition. The discrepancy observed at later stages of deformation

may be attributed to this difference.

With regard to the instability, Woo stated that it occurs when the

resultant tangential stress determined from the strain hardening character-

istics cannot obtain the value required for the equilibrium and at that

instant he stopped the computation. In the present rigid-plastic analysis

such an instability is not observed at the point reported by Woo , and the

computation continues .

(3) Comparison with the experiment by Kaftanoglu and Alexander

The parameters of Kaftanoglu and Alexander ’s experiment on soft copper

are:
54
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Stress-strain characteristics: a = 68,394(0.0122 + 6)0.3789 psi

Is 4.7156 (0.0122 + 6)0.3789 x l0
8
N/m~

Thickness: 0.048 in. = 1.219 x l0~~ m

Friction condition: PTFE film lubricant

Radius of the sheet: 0.717 in. = 1.821 x 10~~ m

-3Punch radius: 0.65 in. = 1.651 x 10 m

Kaftanoglu reports that the friction condition changes with deformation

and measures three different friction coefficients : p = 0.2 at stage 1,

p = 0.135 at stage 2, and ~ 
Is 0.07 at stage 3. To include the changing

friction coefficient into the analysis, we need more information on the

friction history, which is difficult to obtain experimentally. Therefore ,

as a representative value, we use the mean of three values of the friction

coefficient, p = 0.135, for our computation. Figs. 20 and 21 show the

distribution of the circumferential strain and the thickness strain. The

agreement between the experimental data and the numerical solution is a

reasonable one considering the fact that the exact friction condition is

not known .

(4) Influence of formulation of constitutive relation

Various formulations have been given for plastic stress-strain rela-

tionships of workhardening materials. Among them , the parabolic hardening

law has been used extensively for sheet metals because of the ease with

which it characterizes workhardening properties of materials . 1-lowever , it

was suggested recently [46] that the Voce equation [47] is a better repre-

sentation of materials behavior when solving plasticity problems involving

workhardening rate. The forming limi t curves were compared using the
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parabol ic hardening law and the Voce equation [48], and the result indicates

an importance of the choice of workhardening representation of materials.

Because the term containing the rate of workhardening appears in the

finite-element formulation of sheet-metal forming , it is of importance to

examine the influence of workhardening representation on the mechanics

computed by the finite-element method . The material is aluminum alloy

2036-14. The parameters are as follows :

0.222 .Stress-strain characteristics: a = 86,000(c) psi for the parabolic
hardening law

a = 65,000{1 - (1 - 0.508)exp(-8.51c)} psi

for the Voce equation

Fig. 22 shows the two stress-strain curves together with tension test data

from the specimens cut in the three directions (0°, 45 0
, 90 0

).
t

t(1) The stress and strain values in tension tests in the three directions
were converted to values of the effective stress and effective strain
according to

(a) Tension in the 00 (rolling) direction:

= ~ / 
r
90 

+ r
0
r90 - a E = /

t~~ /r0 
+ r90 

+ r
0r90 £2 r

0 
+ r90 

+ r
0r90 0’ 3 r90 

+ r
0
r90 

0

(b) Tension in the 45° direction:

= /~~ /
‘(r
0 

+ r90) (1 + r45) 
a = 

~~ /2(r0 
+ r90 

+ r
0
r)~~ 

~2 2(r 0 + r
90 

+ r
0r90) 45 3 (r0 

+ r90) (1 + r
45
) 45

(c) Tension in the 90° direction:

= ~~~~ / r0 
+ r

0
r90 a = ~~~ 

/r0 
+ r90 

+ r
0
r90 £ ;

2 r0 
+ r90 

+ r
0
r90 90 3 r0 

+ r
0
r90 90

(Footnote continued on next page)
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Figure 22. Stress-strain Curve for Al. 2036-14
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r-value : r Is 0.66, 3’ Is 0.69, r Is 0.70 and r Is 0.6850 45 90 a

Radius of die opening: (0.80 in.)

Blank thickness:

Radius of punch head : 0.75 in. and 0.45 in .

Coefficient of friction: 0 and 0.2

Punch stretching was performed on a horizontal hydraulic press. Tests were

interrupted for strain measurements (thickness and circumferential strains)

from the grids photoprinted on the specimen . Load-displacement relationshi ps

were also recorded . First , the experimental strain distributions were com-

pared with computed results, using the parabolic hardening law in Fi g. ~3.

In the experiment Johnson ’s wax was used as the lubricant and was app lied

at each stage. In comparison , two discrepancies are apparent : (i) the co-

efficient of friction does not stay constant; particularl y, at the last stage ,

the experimenta l strain distributions indicate that the coefficient of fric-

tion is less than 0.2, which , however , gives good agreement for other sta~ es ,

and (ii) the measured thickness and circumferential strains for a given

punch depth do not follow the corresponding theoretical curves . This is

attributed to the fact that the accurate strain measurements is extremely

difficult for critical comparison between theory and experiment . The load

values summarized in Table 1 show an excellent agreement between the two .

where r0, r45, r90 
are the r-values obtained from the tension of speci-

mens cut in the 00, 45 0
, and 90° directions , respectivel y.

(2) The effective stress and effective strain defined in the formulation of
this report differ from the definition above by a factor such as

I l + r  L 2 + r- /3 a - a6 = 1 —2 2 + r  ‘ 3 1 + ra a

r
0 + 2r45

+ r90
where ra is the average r-value 

defined by ra = 4
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Table 1

PUNCH LOAD AND DISPLACEMENT RELATIONS

Punch head radius = 19.05 mm (0.75 in.)

Theoretical Experimental

Displacement Punch load Punch load Displacement
mm (in.) N (Ib) 

- 

(Ib) N

4.06 (0.160) 6,330 (1,423) (970) 4,315 2.79 (0.110)

6.10 (0.240) 10,889 (2,448) (1,730) 7,695 4.83 (0.190)

7.54 (0.297) 14,483 (3,256) (2,990) 13,300 7.11 (0.280)

9.80 (0.386) 22,059 (4,959) (4,940) 21 ,974 10.08 (0.397)

12.45 (0.490) 30,301 (6,812) (6,580) 29,269 12.45 (0.490)

Punch head radius Is 11.43 mm (0.45 in.)

4.06 (0.160) 5,124 (1,152) (920) 4,092 2.72 (0.107)

6.10 (0.240) 8,131 (1,828) (2,000) 8,896 6.30 (0.248)

8.53 (0.336) 12,237 (2,751) (2,770) 12 ,322 8.18 (0.322)

9.58 (0.377) 13,963 (3,139) (3,130) 13,923 9.68 (0.381)
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Figure 23. Experimental (Johnson’s wax as lubricant)
and Theoretical (p Is 0.2) Strain Distribu-
tions for Punch Size (r /r0 

Is 0.75/0.80).

(a) Thickness Strains ; (b) Circumferential
Strains
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Figure 24. Experimental (Johnson ’s wax as lubricant)
and Theoretical (p Is 0.2) Strain Distribu-
tions for Punch Size (r /r0 = 0.45/0.80).

(a) Thickness Strains; (b) Circumferential
~ t r~i ins
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For a smaller punch size, the strain distributions are compared in Fig. 24.

The same observations as those in Fig. 23 apply. Again , the punch load is

in good agreement .

The influence of workhardening representations on the detailed mechanics

is examined in Figs . 25, 26, 27 , and 28. Referring to Fig. 25, the genera l

trend of strain distributions is not altered by the workhardening representa-

tion. However, the magnitude of strains, particularl y, peak strains , differ.

With the Voce equation, the peak strains are larger than those computed by

the parabolic workhardening law . This difference becomes larger as the

punch penetrates .

It appears that the difference of the two is more significant for

higher friction in the larger punch size. However, in the smaller punch

size , the difference of the two strain distributions is about the same for

the two coefficients of friction, 0 and 0 . 2 , as shown in Fig. 26.

It is rather surprising to find in Figs. 27 and 28 that the punch load

for the same punch displacement is higher with the parabolic workhardening

law than that with the Voce equation. The difference becomes significant

for large punch penetration. From these results , it is concluded that the

representation of the workhardening characteristics of the material does

have an influence on the computed strain distributions and load-disp lacement

relationships . The difference becomes critical for large punch disp lacement

in predicting both peak strains and the punch load . In order to determine

which representation is preferable , however, more experiments with improved

accuracy and control are needed .
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Figure 25. Comparison of Theoretical Thickness Strain
Distributions Using (1) the Parabolic Work-
hardening Law and (2) the Voce Equation for
Punch Size (r /r0 = 0.75/0.80) with (a) p Is 0

and (b) p Is 0.2
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Law and (2) the Voc e Equation for p = 0
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SECTION VI

DEEP DRAWING OF A SHEET WITH HEMISPHERICAL PUNCH

1. Introduction

In a deep drawing test a circular sheet of metal is placed between

the blank holder and the die and then fully drawn into the shape of a cup .

The formability is then measured by the maximum size of the blank which can

be drawn without a failure , or , more often , by its ratio to the punch diameter .

This ratio is called the limiting drawing ratio and this particular kind of

test is called the Swift test .

Deep drawing is not only a useful method of material testing, but also

one of the basic operations in sheet-metal stamping. In practice , various

shapes are possible for the bottom of the punch ; however , most past investi-

gations are on deep drawing with a flat-bottomed punch [49]-[56].

Among the earlier works on deep drawing are those by Hill [13] and by

Chung and Swift [52] using the incremental theory of plasticity. More

refined analyses are the finite-difference solutions by Chiang and Kobayashi

[57], b.. Wang and Budiansky [51], and by Chakrabarty and Mellor [49]. Even

though such a refinement improves the understanding of the deep drawing

process , their works are not complete because they treat the deep drawing

prob lem as an in-p lane pure radial drawing and are concerned mostl y with

the deformation mechanics on the flange . However, it has been observed

experimentally (Chung and Swift [52]) that the die profile and the punch

profile significant ly affect the punch load and the strain distributions

and therefore a further refinement is necessary by considering these

parameters in the analysis. Woo [53] performs such an analysis and then
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is able to show that the solution obtained by extrapolating the strain

distribution over the flange to the die throat predicts more straining

than the one obtained by taking the profiles into consideration.

Contrary to these numerous investi gations on deep drawing with a flat-

bottomed punch , very few works are reported on the deep drawing of a sheet

with a hemispherical head punch (Fig. 29). Woo [58] analyzes this problem

by breaking down the deep drawing process into two component processes of

the pure radial drawing over the flange and the punch stretching over the

hemispherical punch head . He first obtains solutions for pure radial drawing

in the flange and then uses this solution at a point initially situated near

the die lip as the boundary condition for the stretching problem , and there-

by essential ly matched the punch stretching component with the pure radial

drawing component at a particular point in the die profile region.

Instead of this tedious process of boundary matching, it is desirable

to have a numerically efficient and reliable method which can treat the

problem in a unified manner. The FEM is such an alternative. The finite-

element model developed for the deep drawing prob l em is the one by ~Vifi

[44] with a limited treatment of friction. Also , Levy et al. [59] developed

the elasto-p lastic finite-element program for cupdrawing based on the defor-

nation theory of plasticity.

2. Computational procedu re

The entire sheet undergoing the deep drawing process can be divided

into four regions : the contact region with the punch head , the unsupported

region , the contact region with the die profile , and the fl ange over the

die. Different kinds of boundary restrictions are imposed depending upon
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the regions . For example , the flange is constrained to move onl y horizon-

tally along the die face, while the contact region with the die profile or

punch head should satisfy the kind of boundary conditions discussed in

Section V.

The only difference in deep drawing with a hemispherical head punch

from the punch stretching with a round die corner is the presence of the

flange which is free to slide over the die. The addition of this moving

flange is , in effect , equivalent to the addition of the third moving boundary ,

because , even though the boundary separating the flange from the die profile

remains stationary in the space , it continues to move from the viewpoint of

the deforming sheet . To treat this we make an assumption on this third

moving boundary and see if it is true by checking the radial positions of

the modes . If the new radial position of any node which is assumed to lie

on the flange or the die profile does not fall on the expected region after

converged solution is obtained , then the boundary assumption is modified.

Another point to be mentioned is the blank holding condition of which

there are two types: clearance holding and force holding . The ideali :ation

of the deformation state corresponding to the force blank holding is the

plane stress state and the one corresponding to the clearance holding in

the plane-strain state. The present rigid-p lastic FEM is built to handle

the plane stress state deformation and therefore a modification is necessary

to handle the clearance blank holding . No reported work on deep drawing

with a hemispherical head punch under clearance blank holding is available

and therefore in the present work onl y the deep drawing with the force

holding is analyzed . The blank holding force is imp lemented in the formul.l-

tion as a tengential friction force acting on the last node located at the
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rim of the sheet . The distribution of the blank holding force over a finite

area near the rim can be handled without difficulty in the present rEM , but

this distributiona l effect turns out to be insignificant [53]. Therefore ,

tangential frictional force is confined to the last node at the rim of the

sheet . The increment of deformation is controlled by the punch head move-

ment . The program is in Appendix D.

3. Results and discussion

The only available work on the complete analysis of deep drawing with

the hemispherical head punch is one by Woo [58]. Along with the numerical

solution by the finite-difference method , he also conducted an experiment .

The parameters are:

Material : soft copper

Stress-strain characteristics : ~ 
Is 5~4 + 27.8c0 504 ton/in.2

0 504 9 2
for £ < 0.36 : Is (0.08208 + 0.422569e ) x 10 N/rn

0.375 . 2
Is 5~4 + 24.4c ton/in.

for c > 0.36: = (0.08208 + 0.37089c0~~
’5) x l09N/m~

Blank radius : 2.2 in. = 5.588 x io 2 
in

Radius of the die throat : 2.123 in. Is 5.392 x io
2 

m

Radius of die profile: 0.5 in. Is 1.27 x io
2 
n

Radius of punch head : 1 in. = 2.54 x io 2 
m

Blank holding force: 0.5 ton Is 500 kg

The solution by the rig id-p lastic FEM is in excellent agreement with

the experiment for the flange part ; however , over the punch head it predicts

more -~tr.I.l n in g than the experiment when the friction coefficient of 0.04 is

assi gned for thi’ contac t reg ion  over the punch head and over the die in the
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numerical ana l ysis. When the friction coefficient is increased to a value

of 0.1 over the punch head , while the same friction coefficient of 0.0-I is

used for the flange , the analysis predicts less straining over the punch

head than the experiment . See Figs. 30, 31 , 32, and 33. The deviation of

the numerical solution from the experimental data gets larger as deformation

progresses , which is reflected in the punch load vs . punch depth relation-

ship in Fig. 34 .

The lubricant used in the experiment is graphite in tallow and Woo sug-

gested the friction coefficient to be 0.04. In the analysis the practical

diffi culty always lies in the assignment of a reasonable value of friction

coefficient because friction coefficient under a real sheet-metal forming

condition is hard to measure and it may even change during deformation .

Comparisom of Woo ’s numerica l solution with the experimental data does

not yield any better agreement than the present ri gid-p lastic FEM . In com-

paring his numerical solution with the experiment Woo made the correction

on the circumferential strain based upon the argument that the strain value

obtained from the analysis is the value at the neutral surface of the sheet ,

while experimental data are obtained from the outside surface and therefore

a compensation for the thickness difference is necessary . There could be

a question about Woo ’s correction because the ratio of the punch radius

or die profile radius to the sheet thickness is sufficientl y large in his

experiment that the membrane theory is justifiable. Besides , it seems a

more consistent way to consider the prob l em in the three-dimensional stress

state instead of the plane stress condition , which is the case used in hoo ’s

anal ysis, if the variation of the strain across the thickness is to be taken

into account . 
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It is necessary to have more numerical solutions and experimental data

with a known friction state to assess the validity of the present rigid-

plastic FEM for deep drawing problems . However , the present rigid-p lastic

FEM had dealt with other sheet-metal forming problems in a unified and

consistent manner and therefore it seems reasonable to expect its validity

for deep drawing prob lems wh en it is established for other problems .
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SECTION VI I

SUMMARY AND DI SCUSSION

It has been made clear that classical variational formulations for the

rigid-plastic solid are not appropriat e for solving the sheet-metal forming

problems . This is due to the nonuniqueness of the deformation mode under

certain boundary conditions . This nonuniqueness, however , can be resolved

by taking the workhardening rate into consideration. Such an introduction

of the workhardening rate into the formulation , on the other hand , necessi-

tates the consideration on the geometry change. The available classical

formulation in which these two aspects are considered is not , however ,

applicable to the statically indeterminate prob lems , sheet-metal forming

being one , because it is formulated in such a way that knowledge of stress

distribution is necessary.

Within the framework of Eulerian descriptions and the hypothetical

identity of the deformed configuration with the undeformed configura t ion ,

further improvement in the applicability of the variational formulations

to the staticall y indeterminate prob lems is not possible. Therefore , an

incremental deformation at a generic stage is considered by separating the

deformed configuration from the undeformed configuration. The relevant

equations are expressed with the undeformed configuration at each step as

the reference frame and the variational formulation is established .

From this variat ional formulation a finite-element model is developed

for the sheet-metal forming prlblems . In many sheet-metal forming processes

the membrane theory is justifiable and therefore this idealization is

introduced in building the model.
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Three basic sheet-metal forming processes, i.e., the bul ging of a

sheet subject to the hydrostatic pressure, the stretching of a sheet with

a hemispherical head punch , and deep drawing of a sheet with a hemispherical

head punch are solved by the proposed method and its solutions are compared

with the existing numerical solutions and the experimental data . The agree-

ment is generally excellent and therefore the prime objective of the present

investigation has been achieved.

In hydrostatic bulging the strain distributions and the pressure vs.

polar height relationship predicted by the present rigid-plastic FEM are

in excellent agreement with the available numerical solution by the elasto-

plastic FEM and experimental data. The difficulty of satisfying the

boundary condition along the fixed periphery experienced in the finite-

di fference method does not appear in the present rigid-plastic FEM .

In punch stretching , to make the problem more tractable , the presence

of the die profile is neglected first so that there is only one moving

boundary . This problem is successfully solved . Taking the die profile

into consideration is equivalent to introducing another moving boundary,

and while handling two moving boundaries simultaneously could be time

consuming, the present rigid-plastic FEM again proves to be efficient and

reliable. The strain distributions and the punch load vs. punch depth

relationship predicted by the present rigid—p lastic FEM are in excellent

agreement with the numerical solutions by the finite-difference method and

the experimental data.

We then investi gate the influenc e of workhardening representation by

comparing solutions , computed by both the parabolic workhardening law and

the Voce equation methods . Tile two workhardening representations result
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in the difference of peak strains and load-disp lacement relationshi ps , and

the difference becomes increasing ly signifi cant as punch disp lacement in-

creases . It is concluded , however , that the selection of a proper work-

hardening representation requires more experiments with improved accuracy

and control.

The present method is further extended to the deep drawing problem .

The strain distribution predicted by the present rigid-plastic FEM is in

excellent agreement with the experimental data over the flange of the sheet;

however , over the punch head , agreement is not as good. By assigning two

different values of the friction coefficient over the punch head , two

strain distributions are obtained; one predicts more straining than the

experimental data, and vice versa . Therefore, an improvement in the predic-

tion seems possible by giving the friction coefficient a proper value which

is between these two bounds; however , the validity of the present rig id-

plastic FEM for deep drawing analysis remains inconclusive at this stage

mostl y because of the lack of comparable numerical solutions and experi-

mental data. This is apparently due to the increased sophistication and

accompanying computation time when three moving boundaries are treated

simultaneously and to the practical difficulty of determining proper fric-

tion coefficients .

It is concluded that the present rigid-plastic FEM can treat the sheet-

metal forming problems with efficiency and reasonable accuracy.
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APPENE)IX A

PROGRAM FOR THE INITIAL GUESS FOR HYDROSTATIC BULGING ANALYSIS

This program is to provide the initial guess and initial geometry

for Appendix B. It is based upon the analys is by Hill [23] .

( I )  Data preparation

1. Read NUMNP (15)

NUMNP: Total number of nodal points to be generated

2. Read RADIUS, DIS 1, DIS2 (3F 10.0)

RADIUS : Radius of the sheet to be bul ged

DIS1: Polar height of the bulge in the initial geometry

DIS2: Polar height of the bulge in the new configuration
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APPENDIX B

PROGRAI’1 FOR THE ANALYSIS OF HYDROSTATIC BULGING

This program is for the analysis of hydrostatic bulg ing .

(I) Data preparation

1. Read HED (A 12)

Output title

2. Read RVALUE , T, ACOEF (SF 10 .0)
RVALUE : Normal anisotropy parameter

Set 1.0 for isotropic material

T: Initial thickness of blank

ACOEF: Accelerating coefficient
To start with , set 1.0

3. Read ITER , NREAD , ITCONT , NFORM, NPUN CH , NPRINT , FLIMIT (615 , F 10.0)

The program control card

h ER: Number of iterations to be executed

NREAD : 1 , if new data are to be supplied ;
0, otherwise

ITCONT: 0, if computation starts at the very beginning and first/
second steps are included in the steps to be computed;
1 , otherwise

NFORM: Number of steps to be comput ed

NPUNCH: 1 , if solution is to be punched at the end of each step ;
0, otherwise

FLIMIT: Value of (error norm)/(solution norm) required for
convergence . To start with , set this .000001

4 . Read NUMNP (6 I 5)

NUMNP : Number of nodal points

5. Read YVALUE , PRESTN , EXPNT , PRESTS (4F 10.0)

Material characteristics are spec ified .

Stress = YVALUE* (Strain + PRESTN)**EXPNT + PRESTS
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6. Read PRES, DPRES (4F 10.0)

PRES: Current pressure value

DPRES : Increment of pressure

7. Read N, CODE(N), R(N), Z(N), UR(N ) , UZ ( N ) , SLOP(N) , (I S , P5.0, SF 10.0)

Nodal information

N: Node number. Node number 1 is at the rim of the blank and the
last node is at the pole

R(N): Radial position of the node

Z(N): Axial position of the node

UR(N): Increment of disp lacement in radial direction

UZ(N): Increment of displacement in axial direction

SLOP(N): Slope of the element
Set this 0.0

CODE (N) : Type of boundary conditions:
1.0, if magnitude of UR(N) is fixed ;
2.0, if magnitude of UZ(N) is fixed;
3.0, if magnitudes of UR(N) and UZ(N) are fixed;
0.0, if neither the magnitude of UR(N) nor U (N) are fixed

In subroutine PRELIM the interpolation of data is built in.

8. If NREAD = 1 , the input data is to be placed behind nodal information

cards
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BULGB I 5~ ~O C”~~(L) 0.e 5*2(40043
RULG? 150 R(Ll.R(L~~t)•CL 5*1(40044
BULGE 160 71L).7(L—l)AC’7
BULGE 161 U~~(L)~ II~~(L—1)4DUP
BULGE IS’ UflL).U?(L—II4OUE
PULCE *61 SL IL)*SLOD(L—1)*”!
BULGE 164 ~r ~~ in 5*7(40045
RUI_ G’ ~6! 00 !r (N U M N r_ N )  *00.110 .60
BULGE 166 C
BILGE 157 tOO 6Q17E (6.2000) P. MAINQOE2
°1JLG5 166 CALL. PITT 5*7(40053
BULGE 16G f
BULGE 170 110 r~~~71NuE MA 7(40054
BUL.GE I?! 5577 r  (6,2002) (k.000E(K),Q(c1.?(k),u(’(K) .U? (Al .SLIWfK).K.l ,NUMWD)
BULGE I?? C

• BULGE 173 P~~0.3*NUMNP
BULGE I74 W~~!T!(6.1122I NEG.SPANC

• BILGE 175 C****************S*** ***SS******1 t * * *r* * * * * * **_* *. s* * * * * * *r A~~A* * *_ sa 7(4 0 7 Ic
BULGE *76 7002 C~~RMAT (15.F5.0.BIIC.0) 5*1(407 22
BULGE 17? 100:’ FOCM*r(l675)
BUL G E 775 2004 cOrMAT(15.27l1.7c,0.5)
BULGE 179 1005 ECEMA~~(?2E,4AI0.0)
BILGE ISO 2006 ~~O~~5 *T ( / /  I 71E NC0*L POINTS IT MI~7Ci~i EI2OCP CALCULAT 1~ NS *56 OESIG
PULP! 161 I ETI* ~/ 2015)
BULGE IS? * 007 F05w*t (IHI,15X , 30’- LlP.EARLV CISTEISuTEC ~OUND*rY ~~~ ESS~~E/BULGE 253 I / 607’ NOtIE I NODE .1 DEE~~SURE I 0~ ESSURF J
BULGE *6* 2 4)- Sw,Ar J)
BILGE *55 *00 FtIR~~AT(2I9,4EI5.5)
BULGE 15” 1000 E0RMAT(~~//* MAX IMUM NUNRES IS ITEFATIrINS ALLOWE D ~ 0E EACH INCOEMEN
BULGE 157 17 .6. 1!)
BULGE IB~ *124 CC)RMAT(114I, 30(4 N’T)AL ECTP.7 IKEC’ P I’AT 1C(~ 55~~~~E SCALINC-//)
5ULGF 76° 1* 2 2  ~ORvA ~~(//~ * NUWBEP OS EOUATTCAI c •* . 24/
BUL G~ 100 1 * PAP.OWTDTN * , 14/
BUL GE 101 2 * C IAG ONAL ELEMENT! * • 14
B(LOE *0? 2000 5055*7 (1(4 12*5/
BULGE *0’  I 30(40 NIUPER C5 NODAL POI NTS 1’ / MATNO12’?
DULGE *04  2 317-0 NUMBER O~ ELEME(4TS———————— 13 F)

PUL GF 155 2002 EIRM*T (1l2.~~l2.2,2E)2.3.3524. ’I
BULGE 106 200:’ FflOMAT (I1l?, 415,1I*7) V*~~ NO 7 37
BULGE 197 2004 ~055AT (F * P.C1CAL 0~~7(’7 TYRE Q—t”DTNATE 7—000INATE ° LI
6ILGE lop 7*0 05 OISPLACEMENT P LCAD C~ ‘TSPL*C!M!7~’ PET&—SL0~~5 6 )

BULGE 190 2005 FORMAT(/~~,*FIP~~5S S0~ C I ~~IE0 A T NODAL D~~IP4 T ,# / .
BULGE 200 1 * (‘00*7. PT. EL5wr ,~yI !L EV E P - 2  0 5 7 A (
BULGE 201 200° 5,73547 ( 26’ICHODAL PO INT C430 55505 ~4. l!)
BULGE 202 2010 ~C5MAT(F/ * INTTIAL YIELD ST?ESS • •. 515.7//I
BULGE 20?
PULG~ 20* 6710

BULGE ‘0”, SUBROUTINE PL4S7(E .,. .U Z.r E.SL .YV.YK. S *.CP.~T.OL..TS.T5DS.
BULGE 207 IEDS.P.A.THICE .P 1 .NG.NEL.FLIPTT .”TCC77T .ACC1FS1
BULGE 20! C
FULII! 200 C***************S******6t***.********t•u.*.*.**t..rtht*t***.****S.*.s***S
BULGE 2*0 C PLAIT I! 17-F CCIP.TRt’LLlP.G SU*RCU IP
BULGE 21 1 C****t******** ***t******t*s*•w*s***s**r.ts***t*t**.**ne**t*t*a,.s.*.**.
POLO0 212 C
BLL O~ 273 COMVC (’/O!P.rc(’/NL.M(4D.Nuw5L.w e r f j2 ) . oLL.N .Nr s.yI5L .,.TEsT. :—p ~~.
BULGE 21* l(4°5*0.N°UNC7-,NPF !NY.PvALUE .T .UBANO .PNPAO .PaOIus.cpE5.000Fs
BULGE 2I~ CO~~V0N/C0N0U*C.~!?(A ).WT(41.fl(2,21 ,SOG” l
BUL GE 2*5 COM$ON’505V6/FACT .OSAC,
BULGE 2*7 C
BULGE 21! DIV !NSTC (’ ~ (l) ,?(* 1.05(1 l.U?(l ).CCIE(1 ).!LG~~(I ).YY( 1).YV( II,
BULGE 22° I1EP5(4,l).R ( 1 ) ,A (Nfl.l).T74ICN(l).Cpw7 (j).SPs’V(l) •3L (Il. F ~~c(4.l).
BULGE 220
BULGE 22* C
BULGE 22 ’  C
BILGE 223
BuLG E 22*
RUL OS 2?~ C
BULGE 226
m7JI. r.~ 2?’? SS72).G.33GO!1o4:’f
SILO0 776
PULP! 2 0  ! S ( 4 1 . — S C ( 2 )
!ULG! 210 C
BULGE 2 22  DC •4~ (4.7. (,).U!).

BULGE 212 7HI’~c (N) .T
BILOF 2” 0’ 4A~ T’I. 4
PULCE 77* T~ °’(1.NI .O.
PULGP 210 TPP5(4.Nl.O.000*
PIL~~

5 7’5 *6?  CINY lMU~
MULG5 237 C
6UL G~ 2’~
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BULGE 230 C*S**AS6***8**66**.**4**66*************6 ***..*6*.**********a*******6****
BILGE 2*0 C T~ THE COMPUTATION 15 IP.T0PBUP7PC AFIFO A NUMPEP OF STEPS

~~LGE 241 C AND RESTARTE D.  1 H N  NEC ESSA ~~V C* ’A NEED BE SEED
• BULGE 2*2 C****A************6*6******I$*5***a***6***********1***S*****A***********

BILGE 24 ’  r
PULP! 244 15( NBE A C .LE. 01 GD TO 4* C

• PIJI.G~ 246 QFA ’ (’,I GIi) IUB (I). 02(1). !LO°(I). 1.1.NUMNP)
SILO! 246 T5(ITCONT .EO. 1) GC IC 460

• BULGE 24! R E A C t S .  7017)  1 5(1), 2(1). III. NUMNP)

• BILGE 2*P RIIAOI5.10I7)(IT !°S (I.h*.1 1.41. (4.1, N’I~~~Ll
BULGE 24° BEAQ(5,15I7)(TP~ICk(NI.N .I.NUWEL)

• BILGE 250 EEAC(5.22221F6C7
BILGE 2 1  440 CONT INUE
BULGE 2S2 C
BILGE 251 C

ULG 254 NST!R.O
BULGE 25B 2100 P4ST!P.NSTEP•I

• BULGE 256 C
BULGE 25’ C
BILGE 2” C * * *. 6* * * *,* * * * * *.* * * * * * * *6* *t* * *6*A* *** * * * *6* * * * * * ** *6*6** * * * * * * *.*6~~~~ *
BULGE 255 C COMPUTE THE YIELD STRESS AND ‘7’! WC !TSHAROENI*AG BATE
BILGE 250 C*************6********~ **6*********46*********~~~************* * *4****~~
BULGE 267 C
BULGE 26? CO 220 (4.1, NEWEL
BILGE 263 CALL 74AR(1(TEPS(4,P.I.’Y(Ps))
BILGE 264 CALL UAROS(TEPS (*.Nl.YX(N)l
BULGE 260 220 CC7P.T1PIUF
BILGE 266 C

• BULGE 267 C
BULGE 264 C
BULGE 263 WDT’ (5,1007) p457E0
BULGE 270 C
BILGE 25*  C
BULGE 272 555 CONTINUE
BULGE 273 C
BILGE 274 C***** 6* * * * * * * *4* *A* *6 6* * * * * * * * * * * *6* 5** ** 5** ** **S* * *** * *5*5~~~~ *~~~~
BULGE 275 C DETA IL C0 THE PBESFP.? COP4FTGUPA?’DN
BILGE 2” C SP$I*STI4E flI ANGLE ENI
PULP! 2’7 C CD)- 7.COS(NE OF ANGLE PNZ
BULGE 27 C OL.EL!MEPST LEP.GI)-
BILGE 27~ C*,* * * * * * * * * * * * * * * * **P* * * *A* * * *5*A ** * * *5* *** *6*5*W **6 .*t *5* **S* * * *0* **

BULGE 240 C
BUL GE 2~~1 M P T T E ( ~~,I011)
BULGE 262 CCI 600 54*7. NLMEL
5ILG~ 242 (‘RI .N+1
BULGE 264 DP.R(Nl—R(NRI)
BULGE 255 C7.?(P4°l)—P (N)
PU.G! 25€  DL (P,).SCRT (OF*D°4t?6C71
BULGE 26T SD7-f(N).CB~~C).1(4I
BULO~ 255 C P7 ’t (Pd ) .OZ/C L( N)
BUL GE 265 RMT(N) .AS1N(SPHI(P.*)*IfIl./7.l*1E6
BULGE 200 WPITE (S .10301P..DHI(N).TH1CK(’I) ,fu) .(N)
BILGE 20* 500 CDPJ1INU!
BULGE 20? C
SILO! 203 PPIIPVALUE+I.
BUL GE 20* RC0NSt 3,AflDI/( 7.*(1.*PVALUFA °V*LUE I I
BULGE 20! D (1.ll*RDI*BCONST
BILGE 256 D(l.2).RVALUE*PCCNST
BULGE 20’ 0(2.7160(1,2)
BULGE 245 0(2,21.0(1.1)
BIL GE 29~ CLA”0*.FP162P1,(1.,RVALLE+QV&LU !l
BULGE 300 00 150N.BVALUE,R°t
BILGE 701 C
BULGE 302 DC’ 2000 5*7, FlED
BULGE 303 C
BULGE 0A C
Bu L GE 10 CALL sy tFp cR .?, *,u?.Ca0E,sL-u~~.yv ,y X ,SPw1 .CDM7.0L.!PS.
BULGE 30” I T W I C K .A . ’.NG)
BULGE 307 C
PILG5 ‘OP C
PULI’ 300 C****~~*~~*~~***~ ***Aø .* * *.** * * *6**** * * * * * * *6* *~~~~ ** * * *5*** *,* * * * * *I* * *6*** *

BULGE 3)0 C INIEOOUC7IOH CF PruJ(’O*EV rcMl’l I,N
BULGF 3 * 7  C ea*.***..6*.*A*.$.*******sS*Srt *****S*** ***** **t *****6* **S**********
BULGE 3*? C
BULGE 31’ CALL MCDI5YJ(Cl~~,A .S.(’tJANE,N!I .M*ANE)
BULGE 374  C
BILGE 315 C***.t** ** *6* *S* *** 0* * *4* *4 6*0* * * * * *** * *** *6* * * * * *~~~*66**0**6****6 ***
BILGE 32’ C BANIEG 5YMVETE1C ~rLLTICN

ULGE 31’ (**.*****.*.* .** # . . I .* *S . S* *. 6*$* . .*6 6 5 * *.**6 6 6*** * * * ** * *$***6 t* *.* * * *

SILO5 TIP C
•IL CI 310 CALL T~~IA tP4E0 . W ** Nf l .A )
P1)7.0. 320 CALL BACSS(*4E0.VB*NT.A ,P)
BULGE 327 C
BULGE 32? C
BILGE 32’ C
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JLC~ ~~‘A TN’ 131’ 1.1. )UWNP

BULGE 3?
BULO5 32? T~~.I’—l
‘ULGF 327 If.!7Al
SULG0 ‘2! Up(fl.u ; ( I ), ! ( Is * *A c r S s
RUL CE 120
BULC5 110 5LOE( 1) .5 L~~E( I ) . P ( 1 c ) ’A C O E 5
BIL GE ‘17 * 7 0  CO NTINUE
BULGE 337 C
BULGE “ C
RIS C! ‘‘4 W P 7 T E ( 5 . 1 0 1 6)  IC

• BULGE 075 W57 T!(P ,1005) K

BIL05 “6 00 777 I’l. NLM(’5
BULGE 3~~ 72.3* 1— I
BULG5 “5
BULGE 33° l°*Y ’*I
BULGE 343 1011E(B.1002) 1. lc ).E( In .p (  :? I . u s( I) . u l l ! I . S L OR ( 1 ) .C ( I  . z t i

• • ‘ULGE ‘41 776 CONTINUE
BULGE •147 C
BULGE T4~ C
BULGE 044 C
BULGE 3*5 C****.************.***4****,*I *.** *5* A U 4* * 5*. ** *.*5 *. A~~~~~******.~~~~~~~~~~~~ *
BILGE 346 ~ C~~MPIITE NORM CF ECPTe *1,0 N~~RM CS SOLUTT’)N .
BUL GE 347 CS**t **d ***a *t ***4******t *****1******t t f l **5****r *~~~~~ w , .* * * *W * * *S f l~~~~. t *
BULGE 340 EN CEM • 0.
BULGE 3*0 SHIPS • C.
BULGE 350 C’ 714 7*1 . NUMNO

BILGE 3?! I?.3*T—l
BULGE 3’?
BULGE 353 15.12*7
BUL°! 054 6510DM • ENORS • B(IR)*R(I5) • D(I7) p(I7) • P(7S).~~(I5)
BULGE 3’! 57,flDIl • 5N~~ 5M A UP (T )IU°(lI • L?(1)*U?(II A •L3~~I!)’SL05 (II
BILGE ‘PP 1’4 CONTINUE
BUL GE 3!7 •

BULGE 35’ SNC~~ ’ • SOET (SNORM)

BILGE 330

BULOF 361’ 4C7T5(5 ,1075) !NODW .!NCP W .E°NC’Y
BULGE ~ S7 C
BUL GE ‘6’ C
BULGE 1!3 731 CONTINUE
BULG5 344 C
BULGE 35! C
BULGE 1’? C
.& or 367 C*********** .* * **** .* ******t .* .** *r* ***f l * .  S S f l aa* t P  * *S~~ S* t S S

B(J~~~
E 35’ C CIIMEUTE 51G*7(’ SPCM TI- ? SEP GLEES .

BILG’ 3f3 C EPS( l , N) . I NCEEWE7T 0~ W EQ IDIA P.  !~~E4151
BULGE ?‘O C !D~~(2.P4).!NCREW!NT 0~ TAWG NTIAL SIFAIN
BULGE 37* C !PSl1,N).INCG!W!NT C~ II.ICKNK SS 5151 IN
PUL05 ~~ 2 Ct * ** * ** ** ** * *S*t * *f l * **f l *** **W**f l ** *SS**ect * ***5**t .Sr** * ** * *6 t
BULGE 373 C
BILGE ‘74 0
BULGE 37? CC’ 500 N.1.NUMEL
BULGE 76 P.51.54*
BULGE 37’  DLL*OLIP.)
BULGE 3717
BILGE 370 C~~N.Cp’4I(5. I
POLlS 300 AUIUR(N)+IJ°(NEl)
SILO? 3’1
BULGE 352
BULGE 383 07. (NPI I—7 (N)
BULGE 354 OU*UB(N)—UP(NEII
BULGE 35S
BILGE 366 ExI. l .e2.*D0*CU/CL L/DLL.2. *C?*Cw/ tLL /0LL* (~~u*DU.Dw* rS)/nLL/OLL
BUL GE 357 EBS (l.NI.5057(EII)—t.

BULGE 35• EP S( l . PJ) .AL C G t I. *F~~S ( l . N ) )
BULGE 3B0
BULGE 300 !0’(2,N ) ALOG (I.*AU,4E )

BILGE •S51 EP!(3.N) . EPS( I .P .) FFS(2 , NI

BULO’ 302 C
BULGE 303 ‘00 CT’NTINU!
BILGE 304 C
BULGE 303 C

BULGE 3”
‘IJLP! 307 ~~~1TE (6.I026) N’T

C

BULGE 304 C

‘ILGE 350 C
BULGE 400 C
BULGE 4 0*  C* * * * *** * * ** * ** * * ** *t S*t * ** ** *S* ** * * * * * *a .*S ., S*5* *,***S . A 5* ** ** . .S5 5*  *

BULGE 40?  C COMPUTE INCREWFP4T ‘0  FFEEC7IV ! 1 815
NILP’ 403 C* * * * *.* *.* * *4 .** * *t . I S .*a S* *S* * ** *S A* *** ,* *5* * * * * *. 6 . A* .*** * * * * * * * *~~~ **
BILG’ 404 C
BULGE 405 01’ 7’ ?  N S* ,  NUM!L
BUL GE $35 !f.EDS(t.P4)
BILGE 407 !7.’DS(2,P1)
BULGE 405 BBAP.o.,.(Es*!s*!1•rT I • 2.*CNILU!S!~~*?T
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BILGE 400 !PS(4.Nl.SORTt2.*5CCN~ T*5BAR/?.)
!‘JLG5 8*0
BULGE 47 * C
BILGE 4 * 2  0
BULGE 4 7 1  C*******S* *SS a * * * . * 4 * * * * *** *******t*SS**S*Ut********S********S..*.**S*.

BILGE 4*6 C COMPUTE STRESS OTSTSIBUTIO7

BULGE 4*! C !TSFl .H).UERIOIAN ST~~ES!
5UL05 4*’ C 57S12.N ).C!RCUMP5°’PTIAL STRESS

BULGE 417 C S’!(1.N)*! FSECT1VF ‘b ESS
• BULGE 41B OS* * * * * * *S** * *e* * *. A* * * * * * * * * * * *A * * . S* t*~~~ SA***65* .~~~ *6W***6* * *S* *** .* .

BILGE 415 C
BULG’ 420 STS (I.NI.CLAM CA*IE? + OOIS~’H*E T1*YY(P)/E0S(* .NI

• BULGE 47* STS(2 .N).CL*M 7AS(ET + D C O I S O N A ( 5) *Y Y ( N ) / 0 D 5 ( * .N)
BULGE 42? IEIT’NOEM *t1. K L T S O T ) T ! S T S 1 .C
BULGE 473 00 441 1 1 .  4

• BILGE 474 64’ TFo!(1.N)*TEGI(I.N)•!ES(1.N)*T*cT
BULGE 425 55*5151 1.71)
BILGE 42’ FT*ETS(2,541

BILGE 42’ EF!TQS.E?*ES+ET*EI_?.*5O1EC7P4*FR*~~1

BULGE 4?’ 5T513.NI SOQl t EFST ~~S)
5ULGE 424 C
BULGE 430 C
ULGE 431 WDITF(5 .* OO3)N ,~~PS( I.P.).TE°°( I.N1 .!c’(2.NI. PS( ?.NI.ED?( 0.14) .T~~°

BILGE 4’? 1E( ‘ .14) .EGS(4 ,P.* .ISR’(4 ,I,)
BULGE 433 I5(FSNOPM .LT. PL1N1T )TI-1CK (N).~~~ 1C K (P.)*E,~~(EcS (?.Nl)

‘ULGE 434 22’ C0?’TINU’
I1L G~ 470 WRIT E (5 .7027)

BULGE 436 C
BIL~~E 437 00 ‘30 N.I,P,UWEL
PULG’ 43 P £30 W C T I E ( 5 , 22 E $ I N . ( 5 1 ! ( I .N ) . T . I , ? I
BULOF 419 C
BULGE 440 C
BULGE 441 IFIESPICEM •LT. ALIMIT)FACT .OACT.1’FACT
BILGE 4A? 1S IESNOI M .LT. OLIM 1T1IEITE (A ,l07p)F*CT
PULP! 44’ 1F (SSP4IDRM •L1. FLI MIC)G 1’ 404
‘ULGE 444 C
BUt CE 445 2000 CONTINUE
BULGE 445 • 2200 CCP.T THUS
*IJ.OE 48? C
BULGE 44 17 C
BULGE 4*0 4~~• CON TIN UE
BULGE 480 C
BULGE 431 C
‘ILGE 4!? C**k*********************P*S****$*********B*****.*66***,**Aj*****0***~~~*
BIL GE 453 C NEW CONSIGURAIION
BULGE 43* C*********5******4*******A***********S*,*5**~~~****A***************t**~~~~
BULGE 4’S 0
BULGE 456 CC’ 430 1.1. NUMP4D
BULGE 457
BULGE 45! IP*I’— l
BULGE £30 DU1.1(II*UR(I)*TEST
BULGE 461’ ?(II.7(I)*UZ (1)*TEST
BULGE 46* 430 C07I1 TNIJE
BILGE 412 777 CONTI NUE
BULGE 457 C
PULGE 464 C
BILGE 4617 C
BULGE 465 IF(NPU74CI- .EO. 0) GO TO 310
BULGE 467 PUNCH 70*7 , (UEUI.L7 (II. SLCE(I*. !*I.’6J51401
BULGE 414 PUNCH 7077. (R(1).7(1I.T~~I. NLI’NP)
BILGE 469 OIJ(’CH 1 0* 7 , 1  (T EPS(1 , 14).I.I. * ) , N.I, N’J W F L )
BULGE 470 DI~JCN I0I 7.(TI-TCK(N).P..7.NUW!L1
BULGE 47* PUNCH 2?23,FACT
BILGE 472 3*0 CONTINUE
BULGE 473 C
BILGE 474 IE (ESNCPM .GT . FLIMTT)GC’ TO 2000
BILGE 4?’ C
BULGE 876 IEIHSTE~ .LT. SF055) GC TO 2 1(0
BILGE 477 C
BUL GE 87% 2100 CONTINUE
BULGE 479 501’ CONTINU’
BULGE 480 C
BULGE 4171 7 003 ~flRM4’(I3.3E13.7,5x .3El3.7.6X ,30I3.7)
BILGE 452 1001 FO E MA T ( T ? .IIFII.6I
BIB_GE 4 173 1004 BCIDSATI I6I ! *
BULGE ABA *005 PC’PMAT(II1l .* STRA I PI—STPESE SOLUTION AT 17750 HOUSES •*,74//
•ULG! 4617 1 * EL. NO... P—ST DA IN . . .7— $ 3A 1P.. .T N— S 1RAIN. . .S 2— S T RA T N . . . E F— S T EA I N
BULGE 441 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
BULGE 4•?
•UI_GB *BB 100€ POPMAT(/// 30*. • O?SPLAOE U!P” SC’LUTIO’I AT  I T EQ A T I O P .  P.U’.IBER .*.I4
BILGE 453 l/// 20* , * DIJFTUGFEC *. 25* . TOIAL*, 20* . * DE5C~~W EO COCRD*/
BILGE 400 2/ • ND 01) Dl DIET I U
BULGE AOl  1 I BE lA 5 7*)
BILGE 492 *007 •0614T(IH1 ,701 .4ITBP A TICP , ~51’CESS 505 ST!D*.T A )
BILGE 403 1005 EODM4’( PCI . * 7C’747. l— LCASO •~~~. p12.7
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BILGE 898 1 .‘ 60*. * TrTAL 2—LOAD .*, 012.7
BIL GE 40! 2 .‘ 60*. * TOTAL U—LC *G .*. Fl?.? )
BULGE 445 *300 5 0 6 M4 V 7  /.‘ $ PIOE’AL POINT FORCE AT 2750 ~~* , 14/I
BILGE 457 I~ 54.5 0—ECROS 7—FORCE 2—STRESS ON DI! SIP
BULGE 4917 ‘FACS,,.*)

• BULGE 890 101* F05IIal(IB.3P10.O)
BILGE 500 1012 5rIBI4T (Y9.5~~1?.5)
BULGE 561 10*” IORUAT IPOK ,* ~5L0C’1TY CGNVEBGENC !* ./
BUL GE 50? I 60*. * (‘CDI CE SOL J TCN VECTOR .8, E j3 • B

BUL GE 503 * I ‘Cl’, * NCR)’ OF E~~SC’ E VECTOB .8, FI3.$
•UI_ GF 504 2 F 60*. * ‘BAC TIONAL SIDES 8 , F~~~3• e )

• BILGE 305’ 1016 EODMAT ( * CISFI.ACEMEN’ SC.LUE10W AT ITERATTIIPI NUMBER .*,141
BULGE 006 10*7 FORUAT(PEIO,7)

BULGE 307 1075 5C5W*’i////* tOES NC CCNV!DG!*/~
• BUL GE 5017 *8  757 AGAIN W I S H  0EC!LLFRLTION C’EEFICIEP.T •ACIEE~ LESS TI.AN* ,

BULGE 509
BULGE 5 7 0  1020 ROEMA T(2 004 .* )
BULGE 511 *025 ~ORMA T( 41.1!. 3X,~~l2,5. I 0K .1S.3X .”12 .t.10* .I 0.31,012.5)
BIL~1F 0*2 2217* F C DV A T ( 7 3.4 5 2 0 . 7)
BULGE 513 *026 FOPMAT(I//*INCC!MENTAL STRAIN—TOTAL STOATS A? STEP NUUBEP.8.14//
BULGE 574 l ASt 50....5—STDATN TOTAL .,.T14f—STRAIN TOTAL.. ..THI—STS
BILGE 5*! 24174 TOTAL. ... 5 —STPA IN TOTAL.. .~~ )
BULGE 516 *02’ SOPMAT(//I*EL . NO.... 5—STPE T7IE~~fTSEE2....E5~ 5T0E517....A )
BILGE BIT *010 51’EUAT(/I7.3F10.5)
BILGE SIB 703* F35U*?(* GEOWETQV r~
BULGE 510 I *EL 550 ANGLE THICKNESS 4 )

BILGE 320 *0217 000MAT(* EDRC ! AT TI-IS ST!~ IS *,F20.’)
BULGE 52* 2223 FODKIAT (F20.?I
BULGE 522 C
BULGE 323 RETURN
BULGE 1724 END

BULGE 326 SUBROUTINE STIEF (P ,7.tjF .U?.C1’G!.SLO1’.YY .YX .SDHI.COHI,OL.!PS.
BILGE 527 ITHICK .*.P,NC)
BUL GE 525 C
BULGE 529 C0IWOK,C5NCDN,NUWNF.NU5EL,H!DtI2).DLL.NE0.N5C)RM .YI!LD.~~~ 5T.TTEC .
BILGE 530 INQ !AD* NCU NCPI.1,DQINT.RVALUE .T .MB *P40.PWPAC .DAC TUS ,00ES.DOD!S
BULGE S31 COMSON/STFMAT/N(4).D(6,6) .TES,T’V .TE?.THICL
BULGE !32 COWW1’P4/CCNCUAC/SS (&),WT(8).0(2.2)*S05 1
BULGE 5~~ C
BULGE 534 DIMENSION R 111 .?(I).COCE (1),UP(*I.U2(t%.5LD0t~~).*l 1),*ING,1* .
BILGE 535 I EPS(4.1).ZZ(2).UU(PI. YY(1).Yx(I).TI-!CK(tP. ’LtI).SPI-I (I*.CDNI(I)
BULGE 536 2.5512)
BULGE 5’? C
BULGE SOB C
BULGE 1739 IC’ 53 N.1. NEC
BILGE 540 ‘(5)’0.
BULGE 541 00 50 USI,MBAND
BILGE 542 50 A((’,UI.0.
BILGE 543 C
BULGE 348 WT (1).0 .34755484’I

• BILGE 545 WT(21 0.65218!ISAQ
BULGE 385 WTI .’).WT (*l
BULGE 5*7 W?(8).WT12)
BULGE 545 C
BULGE 549 C
BILGE 350 DC’ 1000 (‘.1 • lU IEL
BILGE 551 N~~1”N + I
BULGE 552 DLL.OL ((’)
BILG’ 553
BULGE 558 CPI-*CDHI (N)
BILGE 3~~
PULP! 555
BULGE 557
BILGE BBS UU (1I.U°(P41
BULGE 539 ‘JU(’).UT(N)
BULGE 350 UU(’)*SLOP(1,)
BILGE 56* UU(4) ’UR(N°I)
BILGE 562 UtI(5) UZ(NPI)
‘ILGE 533 UU (6I.SLCE(P,PI)
BULGE 364 T’~~L.Tl~ICK(NI4flLL
BULGE 54’ 77Fl1— ?(PIPI )

BIB_CE 566
BILGE 567 Y I ’ . Y Y ( P 4 )
BILGE 565  C
PULP’ 369 CALL OU*fl (RP.27,U1..CLL,FDH .DPN ,00,VH)
BULO’ 570 C
BULGE 571 C
BULGE 1772 0
BILGE 570 0****$*****,************~~** * * *S* .*S ,4* *,* * * *S5* * **54** * * * * * * * * * *S** *B**
‘IL GE 5’4 C P!~~FOR5 THE A!SFMPLR ODEDATIIS. BECAUSE ~ 4 °IP 4 72 SYUI!TBIC

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •-~~~~~~~~~~~ • • •~~~~~~~~~— •~~~~~~~~ • •  _ _  _  _
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BILGE 375 C OWL’ *058 HAL F “B TI.! MATE 7* IS CREATED. alt ?H5 STO’AGE 508
BILGE 576 C MAiRTI  A 7$ * $GUAOE A • B A Y  EC*II%E OF BAWO EC EVUMET EIC PSODERTY
BULGE 1777 CA*****A***e**46**.***~~*** ~~~~*SA ***SS4*.*A*RA*A****S .S*eA*AAA**S*A*S$*8,
BILGE 57€’ C
BULGE 574 DC’ 20C 7.), 6
BILGE 580 17.4*0 — 3 4
BILGE 1711 B(II).B(II)*I’lI)
BULGE 502 CO 200 1.1. 5

• BILGE 553 C
• BULGE 5174 C

BILGE 5175 JJ* 548 3 — 3 4 J — 17 4 I
BILGE 506 t ” C J s  .LT. II GO TI’ 20C
BULGE 58? 4(II.JJ ).A (7I.JJ)*PII.JI
BILGE 5’P 200 CONTINUE
BULGE 5179 C
BULGE 550 1000 CEPIT IMJE
BILGE 50* C
BULGE 1742 C
BILGE 593 *001 EO PW A ’( / /F . t TN! C I*r,CIAL VE CTOS C’ MA TR IX  OF ST IFBNESS*/ )
BULGE 594 7002 ~OP~~A’T(I2E11.3)
BILGE 595 *005 ‘DEVAT( / /  29H ELEMENT W IT H NEGATIVE AREA .. 15)
BILGE 506
BULGE 501 SETUR’4

• BILGE 595 ENO

BULGE 600 SUBRD’rI INE CUIDIPF ,7Z.UU,OLL.SCI. .CP*I .32,$lI
BILGE 607 0
BULGE 602 CI1IIMON,TSOTPVrnVAL I

BILGE 303 COUMONFSTFUATIPI(61.P(6.6).TEX ,bEv .TE2,THKL
BILGE 604 CDU’4ON/CONOUAC/5S(4) .MT(4) ,O( 2 .2),SO5TI
BULGE 605 COMMON,FORV E,EACT .DFACT
BULGE 506 C
BULGE 80? OIM!NSTON PR(3),77(2).UU (4) ,P(2,€’),XXI6 .”),’ZERC(5l.C’B(2,6)
BULGE 608 DIMENSION OA (5 , 6 I . D B ( 6 )
BULGE 809 C
BULGE 6*0 C
BILGE 611 Dr.(QR(l) + R P(2 ) )/ 2 .
BULGE 612 C
BULGE 613 (00 2 1 1.6
BULGE 674 RB (T)—0 .
BULGE 6*5
BILGE A l P  DC’ 2 J.I .6
BULGE SI’? RA ( I ,J )*0 .
BULGE 815 2 5 (I .J ) 0.
BILGE 5* 9  0
BULGE 620 C
BULGE 62* C
BIL GE 622 RVAL LE.DVIL I
BULGE 42? O Z . 2 2 (2 )— 2 ? ( l I
BILGE ‘24 DP E D( I )— R P (2 )
BULGE 525 CU.UU(I)—UU(4 1
BILGE 025
BULGE 627 AU.LU(I) +UU(4)
BULGE 6217 AD.5D( I)$RD(2 )
BIL GE 520 C
BIJLCE 030 C
BULGE 4’l 01.2.*DQ/OLL/CLL
BILG E 632 C2.2.*DU ’DLL/CLL
BULGE 633 C3.2.*07/DLL/CLL
BIL GE 614 C4.2.801/DLL/CLL
BIB_ C-S 635 C5.*U/A 0/2 .
BULGE 636 CO.) .$O*tC2$CS4CA4 IGU*DU4DW *OW )F DLL/DLL
BLL C,E 83? C?.2./TDLL/DLL
BILGE 33€’ C8.2 ./A R/A l
BILGE 610 C0 . l . /SOST (CEI /2 .

ULGI  680 C10.C9.’C8
BULGE 174* CII.CI*C2
BIL GE 04’ C12 .03*C4
BULGE 643 C
BILGE 94* C
BUL G E  64! 0ESI.S0~~T IC€I
BUL GE 646 DETI .2 .*CSel.
BULGE 647 C
BULGE 648 !I.C9~~C II/O E~~I
BULGE 645 52 .—C0*C 12/OE!I
BILGE 650 53.—S I
BULGE 65*
BU G” 652 !5.I.,AD,05T1
BULGE 653 E6.(~~CICAC 1I*Cl I,2 . .C6*C7) , ,!S ,~~!lA EI
5IL0E 654
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BULGE 853 5B.C I OAC I **C12.’2./’~’3l— EI*E 2
BULGE 456

• BILGE 327 E10 !5
BULGE 6517 EIl.(—C10*C12*C l7,2.ACS*C7) /GrSl~~L?*E?
PULGE 650 ~*2.—E5*E5
BIB_C” 660  C

BULGE 06* C
• BILGE 562 O”S A LC G (OESl)

BULGE 663 O!T.AL~~G (DFTI)
•lB_GE 564 C*A* ***A**A .* ** *** *t * * * *t * t **S* **  *.*S* * * $ * f l *A*4.***ApS********Ss***. .**

BILGE 635 C 0O5.MERIflIA( ’ 5794154 !Nr5!W!NT
BULGE 506 C ~ “~~.CI!CUMFERENTIAL STOATS *NCS!~~1NT

• BIL GE ( 0?  C COMSUIATION 35 EFFECTIVE STRA IN CNCPEUEN ’
BIILOF 6017 ~ E l.fl”PIVATIVE C’5 •C”IOIAN ST0LI~ INCREMEN T WITH PESSECT TC UU (II

BULGE 030
BULGE 610 C !P.O(OE!PID(UL(2)I
BULGE 671 C E3.CtO’S ),O(UUI4) )
BILGE 1772 C Ea.0(r,EO*,0(UL(0))
BIL GE 1773 C ES.flt0!T)/fl(UL(I)1

BUL G2 674 C !4.C(’It,OCUU€I))

BILGE 1775 C E?.DI€l 1 /S0(UL*411

‘ULG’ 676 C !B.C(E%),O(UU (?I)

BILGE 877 C !0.0 (2I),O(UU (2))

BUL GE ‘78 C El0.O(’A)/DIIIU(EII

BILGE 670 C ElI.0(~~~~I,t(UU (2l)

BULGE ( 1 7 0  CA*****t********S***A**t***t%Si**000t**O4*S**** S*WSSS**tSW* *fleSStwr*.

BULGE 4177 C
SILOS ‘B’ C
BULO” 053 OV~~IlRVA LUE* I.
BILGE 5174 DVS’.~~O)TI?.*DVALU541.)

BULGE 1703 DVP I*DVPI/BVP1
BULGE 656 RVD4*3.*SVALUS/RVDI
BULGE 5’? C
Bill (0 ou• C*********.*t*A**.*********WA *.**$*A***WSA*flt A*S**.****A .t*******fl

BILG0 8179  C “E’ECTTVE STEAlS
OUt_ GE 1700 Ct**O A*A**A* .S.*fl*t****0******A*t*580A*A**A ****** .**SA****t*******

BULGE 1707 r
PILG0 602 SF S.o!S*nEs$c!T*Or T.~~vc4*o5ssC5 .

BIL GE 1793 Ec 5 I . D V R3 S S O O T ( F5S )
SILO5 604 EF!2.RVGDF50DT (EFS1/2.
BULGE 69
BILG’ 506 CI.(2.*GES.RV54*UET)AEl+ (2.*DE~~,OVD4*0OSI*S
BILGE 607
BUL G E ORB 03.(2.A0!S.5V54*DETI*!3*(2.A0!T.55P400!17)*F’
BILGE 601 I34.12.*0€S,17V54*CFT)$Em

BULGE 700 C
BULGE 7111 “)*SFS2*0I
BULGE 102 F3.E552*C2
BULG 70’ F3.5522* r’3
BULGE 711* ~4.EsS2*r4.
BILGE 703 5I15553001A01+EE!207(2.0C’!545V04*b!? ) E6,(2.*)ST4OV DI*0ES)*FI2

BULGE 106 7 .(2. A ! l . 0 V 0 4*S E )A E I.12.* ! !,*V04*EI)*E5)
BULGE 70? F l2.EcS~~* C l* C2 . E F 5 P* ( (2 . *O E S 4*V D4 *G ET ) 0 E P . (2 . *E1,5V°40 l !1* E2)
BUL GE 705 FI3.E55!*01.O3+EFf2*((?.ADFt.DVDAAOET)*E .I~~.*E34PVP4*E’)*EI
BULGE 700
BULGE 770 E14.!SS3ADIAD4,EFS2*( 12.*11!SA VS4#CIT )*!I*(?.5~~l4RV04*E5l4!4I

BULGE 111 F22.ESS3*02*DI.EES24((I..DS S,DVOaODE T)*O1I4*.*!2A!21
17IL0E 7)2 F23 .FFSI*02A 03 ,5552A( (2 . *0 E S.SV O * *G ET )A S O . f 2. 533,DV P4*f ! I* E2 )
BULGE ‘13 524 .E5 !3*02*04+EF!2 4 — ( 2 .*O E ! + D VO A* I ’ ET )* f I I * 2 . * F 4 0 !2 )
BILGE 7*4 5??.E533803*D!.E552*I( .*OESAOV0A*OET)*E5.I 2.01 345V0&*I”)AE OA (
BILGE 7* 5  12.*E5*PV04*E3)*!5.(2.*CET4DVPO*CE!)*512)
BULGE ~ *6  534.ESS3AO3004*EFS2S((2.*00S455D4”OFTISEIO*(2.*EOAOVO4*!17)*E4)
BILGE ~~I’ 

E46.Er171*04804+EES2*((2.*DES.CV04*0(tl*!**42.#E44!4)

BULGE 7IB C
BULGE 710 C
BILGE 720 0
BUL G E  721 C*A*A***S**.**********,S*******A***A**A**0**.A**5*000A*****AAA**A*A*

BILGE 72~ C El.OEQTVATIVE C’) E’BECT IVE 3754154 INCEEMESIT WIll’ DEED!CT TO UU (II

BILGE 723 C P2.17TH OSSP”Ct tC 7.0(2)
BULG E 724 C 5 3 . s 7 T M  DESPECY TO 4)11(1)
SILGE 723 C “4.11TH PESPECT It 00(5)
BIL GE 126 C F II DIE I)/D(L’U(t) )
BILGE 72? C FI2.0(FI )/r(VII(2))
5117_GE 725 C F13.DIrI)/C(LL(4)1
BULGE 729 C 514 0(F1)FC(UU(’))
BILGE 7’0 C c22.D(03)’O4IIU(’))
BUL GE 131 C F2’ .’) I E 2) / D ( IJ 4 ( *) )

BILGE 732 C E2A.0(02 )~~D( U U ( S ) )
BiLGE 713 C F13-45I’3)~~OI7.L( 4)I
BUL G E 714 C 53 4 . D( 03) /f l ( U U(5 ) )
BULGE 7117 C FAA’0(04)FGIULI!l)
‘UI 15 715 C**A*.**,***A*A***A8*A*A *A********05A0******A*A **~~~*.**8**A.4****A$*

BULGE 137 C
‘ILGE 7117 Pfl.l ) .((S1452*!EIIO *FlI,S2AS I *5l)*5001 SKL
SILGE 139 D(l,2) .((SI ,S2*EF6I)~~~12 .S2*F2A *l)*5CA tMK L
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BULGE 140 O(I,A).((Sl.S2 !017l)WF11,S7AF)lE~~)eP 0AT *L
‘ULGF 741 D( 1 .E).((Sl,S2AEF!Il*rI4*32*SIA. 4)*RCATSI.L
BULGE 742 O(2 .’)5(ISI+S2* 0001185 2 .S2*F7*O,)ASCOTHKL

BILGE 7*3 5(3,4) *4 (SI.B2~~8~~!I )AF23+22*53A53)SCC*TNML
‘ULGE 7~ 4
BULGE 745 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
BUL GE 740 RI4 ,5).(ISI.S2A5EE%1*F36.S3*F3,5A)*EC*TI~KL
BULGE 747 D(3~ 5).7($L*S2*EESI)*E (~44Sp*Fa4OA)AO(,THKL
BULGF 7417 P(2.I).”(1.2)
BULGE 740 14.l100(1.4)

• BULGE 7511 0 (4 ,2)05(2.4)
WIL C•E 7~~I
RULGF 152
BULGE 751 P (SE .4).R(4 ,5)
PULG17 754 C
BULGE 75’5 H( l1 .— IS I* S2 * EPS1)40 1* G C*THK L
17ULG~ 755 Nf~~).~~4 S I + S 2 S E O O 1) * 0 AE C*TNK L
BULGE 757 H(4 ) ._ (S1*52*S DSI)*07* EC*T I INL
BILGE 7517 M(3) .~~(S I+ S 2* E E S I) * 54 S E C * T W K L
BULGE 7170 C
BULGE 750 0
BULGE 717* C****A***A**0400**440***A**WA***t****t**.**0408*t*t* ..********A4*.•S*A**

BULGE 76? C ENCL”S!fl VOLUME CHANGE
BILGE 7171 C* .*SAA* A *A*i*A*A * * * * * *5*A * * *5 * O A A* * *s * * *4 * * *4 * * * *w * s s* *j e j* * * * * *S S* o *j

BUL GE 70* C
PULGE 703 SKI .DLL*CPH•CI
BILGE 766 RULI.P°(1)+1I~~ * l
BULGE 701 BUU3.9D(2)+UU (41
BULGE 705 9K3.2.*OUU1*PLU’
BILGE 769 RI(7.2. *RUU2+PI~U I
BULGE 770 RA (1.II.OKI/ I .

‘ULG0 7’I PA(1.2 )0—”k2/€.

‘Ut_GE 772  1L(I.4,.OKI,(.
BULGE 773 P4(7.31.5*216.
BILGE 774 QA(2,2)~~C.
BULGE 175
OULGE 71€’ BA (2 .5’0.0.

BULGE 117 R4(4~ 4).PKj/3~
Put_GE 778 S0(4 .5).053F6.

Wit_ GE 711 5A 1 ,5).C.
BULGE 780 0~~(1)’RK2*Ek1I€.
SIB_GE ,“i RB( 4).D* SADKj/(.
BULGE ‘17? RB (2)._ (OUUI*IULIAR7.U2ARUU2.PUL1AOUU2),6.

BULGE 753
318_CE 784 PA(3,j).PA(j,3)
BULGE 1175
BILG0 705 QA (4.2).OA (2 ,4)

BULCE ‘177
BULGE 71717
BUL GE ‘5°
BULGE 700 C
BILGE 70% 0
BULGE 702 00 10’ 101, 5
BILGE ‘0~ H ( I)* I - ( I 1 4 ( F P CT 4 C ) A C T ) 4 0 5 ( ! )
BULGE 79* 00 lOB J~~1,P
BULGE 705
BILGE 706 1017 CONTINUE
PUt_C’ 717 f

BULGE 795 0
‘18_GE 794 71 C3N’INUE
BULGE 500 RETURN
BILGE 80% END

‘1.8_ GE 803 SUE~~CUTIP.! CONCE S(L.B.NEO.MBAND.M .U)

‘ILGE 1704 C
BULGE 0(05 C******A**A4A**A**.A**AA*******A*8A*A*A**AA*AA*AAA*****At***A**AA*******

BILGE 1706 C 055)00W TIlE M A T R I X  CCKO ENSA IT OPI  W I-EN TI-! VA LUE OF A CO MPONENT

BULGE 80? C 0 IN 40.5 IS SPECIFIED EOUAL It ‘EEC

BULGE 8(00
BILGE 800 0
BULGE 5*0 DI MENSION P(NEO).A(NEO,Il

BULGE 171* C
BILGE ‘I? DO 250 V .3 , MBAp fl MC~~ 3
BULGE 51’ k*N—M 41 MOO 4
BILGE 514 (F(S) 2’!.22!.?30 MOD 5

‘ULGE 17 )5  230 P( K ) . * ( K )— 4 ( K . M)* I j  W C ( 6
BILGE 1 7 ) 6  * 45 .M ) .O.O  MOO 7
BULGE 517 23! K *NG M— I  S

BULGE 17*6 IF(NEC—K I 250.240,240 MOt 9
BULGE 8*9 240 B ( K ) . B ( K 1 . .a ( 4 ,I f l * U  MDI’ *0
BULGE 1720 *(54,M).0 .O ~~~~ Ii
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BILGE 521 250 CONTINUE MOO Is
BULGE 1722 A (N,I).I.0 MO” I!
BULGE 1721 B(N).(3 *07’ *4
BILGE 1724 MOD *6
BULGE 525 SETUON MCD lb
BIB_GE “6 END *0” *7

BULGE 8217 SUP0OUT!NE MOC*FV(000E.A.E .NUUNO .NEG.MBAK O)
BILGE 929 C
Flit_C-S 1730 DIMENSION COO!( 1) .* (NEC. 1) .,(l)
BULG2 531 C
BILGE 9)2 C
BULGE 1713 CC’ 121 * 0 ).  NUMND
BULGE 1734 11.3*1
BIB_ C-S SIB 77.IL— )
BILGE $18 15.17—I
BILGE 537 C.000E(II
BULGE 9317 IF (C.E0. I.) GO TI’ 10)
BULGE 819 IF (C.EC. 2.) GO TO *02
PUt_ G.E 640 I’ (C.EO. 3.) G” TO IC!
BULGE 174* CLLL coNo : N(A .p .NEC.W PAND. I L.o . )
BILGE 542 GO T’~ 121
BULGE 843 C
BULGE ~44 101 CONYTNU’
BUL GE 045 CALL CDNCIEN(A .P.N!O.M PAN O , T 5 .C.l
BULGE 046 CALL CI’NOEN(€.5,NEO.MPANO , 1L ,0.)
B U L G E  1747 GO TO 121
BULGE 84’ C
BULGE 1749 1(02 CONTINUE
BUL GE BOO CALL C0NOEN (8.P.N!O .MN*NO .T?,C.)
BULGE 551 CALL CONCEN(A ,8.NFC,MBANO .JL,C.)
BILGE 1752 GO TO *2*
BULGE 053 C
BULGE 1754 101 CONTINUE
BULGE 055 CALL CONI’EN (A.B.SEG.VP.AND.1S.C.)
BULGE 1756 CALL CCP.D!N(A.8 .ME C.MO*NC.l,.0.)
BILGE 55’ CALL COP4DSN (4.P.NEC,MEAP.D.IL .11.I
BULGE 558 12* CONTINUE
BULGE 559 C
BULGE 860 8571.654

BULGE 173)

BULGE 863 SUBROUTINE TB7A (NN.MM ,A I
BULGE 1754 C

‘ULGE BPS C A****AAAA***0**0***.S*****4*****A*.AA .s*A**SA*****~~A ***A A*0.t****. *0*0*

BULGE 1766 C TE I AN ”ULIE*TIr’N OF GAUSSIAN ELTTMINATTOII EDO ‘N! !OLUT!CN
BILGE 1767 C (05 ‘ANDEC SVI’V STR TC ‘*TC*0
BUL GE •~~p C*A0***08004*0**AI0090*** se**AAA I S****SA*ess.A8A**.*A.A00000AS*e.,s.r*..

BILGE 9179 C
BULGE 870 DIMENSION A(0*,I)
BULGE 1771 C
BULGE 872
BULGE 97) 100 54*54*1
BULGE 67’ T’(N.E0.’dNI!ETU’S
BIL GE B?! l’(*(’l.I).NE.C.) GO ‘0 *50
BULGE B P 6  GO TO 700

IIULO’ 877 C
BUL GE B7P *50  IoN
eILG! 1770
BULGE 900 C
BULGE 1761 CO 260 L.2,MB
BULGE 052 1.1.1

BILGE ‘81 C.A (N.LI/A(N,l)
BILGE *B4 I’(C.!O.O.0)Gt TO 26 0
BIL GE 1781 JOG
BULGE 171717 CI’ 2 8 1 1

BIB_GE OS’ J.J*)
BILGE OBO ~5O L I  7 • J % . L 4  , J )— C 0 A ( ~ .0 )

BULGE *170
BILGE ‘90 2170 C”P.’INU’
BULGE ~9I C
BILlIE ‘52 GD ‘C *011
“S IF ‘07
BULGE BOA ENC
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BULGE 996 SU5ROUTINE BACK !(NP.,MN ,S,Bl
BULGE 697 C
BILGE SOB C
BULGE 900
BILG5 901) C BAC V SUBSTITUTION ‘tO ECLUT TON OF BANOSO SYMMETEIC MAT R IX
BILGE 901 C****t*****4**S***0****4*********i***4*lS****.*O**A***..****S****.o*****4
BULGE 002 C
BILGE 003 D1’ENS !CN *(j).F(I)

BULGE 40’ C
BILGE 91)8 MWMOMM~~I
BILGE 906 N.O
BILGE 90’ 270 54.544%
BILGE 00’ 0.9(54)
BULGE 900 YF(A (Nl.NE.0,C)B(54)*B (N)/A(N)
BULGE 0%0 1’(N.EC.NI*)GO (C ‘00
BIB_ C-F 41) IL°N4 *
BILGE 1*2 lN*W !N’0(NN,N,MMM)
BILGE 0* 3  MoN
BULGE 014 00 2’S I.IL,1P
BULGE 015
P1.8_ GE 9*6  255 B( 7 ) . ’ ( I )— A ( M )*C
BULGE 9%7 GO 70 270
BIL lIE II’ C
BULGE 9%0 300 ILON
BULGE 920 54.54—!
BULGE 921 15(54.00.01 RETURN
BULGE 422
BILGE 523 MON
BULGE 324 00 400 I.IL.P-
BULGE 02!
‘ULGC 026 400 17(N).B(Nb~~A (V)*p(l)
BULGE 927 GD TI’ 300
BILGE 928 C
BULGE 929 €540

BILGE 931 SU900LT INE I4AOC (EES . Y )

BULGE 932 C
BILGE 533 Cl*k*W ** * * * * * * * * * * * *** *W ** * * * * * *4*4** *A* * *4 *aA *A * * *** *** * * *4 * ** * * *O o* . t
BULGE 34 C WOQKHAPC IENING C* IA OA CTEPI ST IC Ct_ EV E
BULGE 138 C*t* * * * * * * * * * *** * * * * * **f* * *S* * * * *I*~~~** * * * * * * * * * * * *o* * * * *o* *L* * *8o* *** * *
17ILG’ 036 C
BILGE 037 CONMON/M*TEPL / Y V A L U F .PEESTN.E* ENT .PCE STS
BULGE 535 C
81.8_GE 03(0 V.Y~~ALUE*(DOESTh4ED!)**EXPNT.P9FcTS
BULGE 340 C
BILGE 941 R’II.O N

BULGE 04? ENC

BULGE 1144 SUBSOUTINE H$5O7(EO !, ’P)
BULGE 045 C
BILGE 346 C*********S*********A***********4**************4*******,A****.****4*****
BUL GE 947 C COUDlITE MOPE NASCENING RATE
BILGE 948 C**************** e********.*.******0*******,*******L*A*A**********t*****

BULGE 040 C
BULGE 050 COIAMONIM*TEBL/VVALUE.PD!STN.!XPNT,PPESTS
BILGE 051 C
BIJL D,E 052 Y*EWDIIT*VVA LUE*(0PE!T N4!PS)** (F V054 T * .)
BULGE 953 C
BULGE 934 OEILDN
BULGE 5! 5540
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APPENDIX C

PROGRAM FOR THE ANALYSIS OF PUNCH STRETCHING

This program is for the analysis of the stretching of a sheet with

hemispherical punch , where the die profile is neglected .

(I) Data card preparation

1. Read HED (A 12)

2. Read RVALUE , T, ACOEF (SF 10.0)

3. Read ITER , NREAD , ITCONT , NFORM, NPUNCH , NPRINT , FLIMIT (615 , Fl0.0)

4. Read NUMNP (615)

5. Read PNRAD, RADIUS , FRITN (4F 10.0)

PNRAD : Radius of the hemispherical punch

RADIUS : Radius of the blank
FRITN : Friction coefficient between the punch head and the blank

6. Read YVALUE , PRESTN , EXPNT, PRESTS (4F 10.0)

7. Read ECONST, TDIST (4F 10.0)
ECONST: Step size in texms of the maximum magnitude of the effective

strain increment . To start with , set this 004

TDIST : Criterion distance of the contact of the sheet with the
punch head . To start with , set this 0.008

8. Read N , CODE(N) , R(N), Z(N), UR(N) , UZ(N) , SLOP(N) , (IS , F5.0, SF 10.0)

Code (N) = 4 .0 for the contact zone of the sheet with  the punch head

9. If NREAD = 1 , the new input data is to he placed behind the nodal
information card
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ST O C H  7 FP CCr.A ’. ’  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
SIGOl-’ 2 C

1 C~~~~* t * *~~ *4 *4 *4 *  * t A r t  *
STDCl-l 4 C T~~I* 000COA M 72 ~~~~‘ ‘. - ‘ . ‘,A L V 10 (~ F ‘~ -.f D l I ’A t l -  S’~~ã~TCNIN C,. N YJ . O I
ST~~Cl-. ~ I.l1 I0 F~ Tl-~~ RA OIU~ CF ‘I— I OI~~ F O CF ! L F  ~ S N F C L C C T ~~ [ .
ST O C H  5 C* * * * ** * * * * *t * * * * * *1* * * * * * *. * .* S* * * *s * * *~~~~~~~~~~~~** .*S* * S* *S* * ***
STR Cl-a 7 0

~ roC~ B ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I ~ STOOl- S INOEAD .~~~~~~~C~~.NCPT .~~VA L .7. ANC. ItP4P&C .NLC~~US.

O _ ITN .
(TOOl .. *0
ST OCH II COMM / M A T E E L / VV . L U O .P .0 * O N T . PCE ’T S
ST0CH 12 ~~~~~~~~~~~~~~~~~~~~~~
STOC I-’ 13 C
STOCH 14 r* *,* * * *S**** * *S*$ .  * t * * * ** * * * * * ** * t * t *  **.r*.,s*.. *S,**.-..*..

‘lTP( H 721. 0 D C ~~ G* II  IS  Fr,r C C IsT FO L 1* N’~ T HE O I M 2’ - T O l ~ F TH~ COV O LETS
NT S CH IS C O Q C C Q A U . I T S  0 1 1 0 00 *7  I S  T I ’  N FV I N T  A N S ~~ G~~i* ~~~l , L LA ~~C(9 

T IAN
(lO CH *7  C N~~C” S S A ~~Y D!~~ SNS 1~~~ 500  12.0 * 0 0* 0  THODUCI -  ~~~~~ U55 OF

~~T~~~cl -  ~~$ C OOLIOWINO STA TEM EN T

2100W ~ 0 C* *4 0 0 0* * * * * *W 0 0 0* S* * * * * * * *3 9* 5 0*  *A *S**S****t**t *9*4*4*0* 0*0 0

ST 7 C H  20 C
ST O CH 2*  C”l ’ ~ ’”4 4 ( 5 0 0 0 )
STO CII 2’ C
010 ,. 2 3 C* S **~~t~~~~~~ ,** * * ** * *  t**ssr.tssx***ts.at*.*s*sj n

670014 2’ C NO IELC IS TI- F CIM~~I-5~ CN OF * 0 0 4 0  A .  115 V A L U 5  CAN PS “ T 2 ~~~~IN’ C
5T0~~~l.I 20 C 0 0 7C T ( * LY  I~ V 0 L N 4 I N O  THE P P” G O A M  054CC .
(lO CH 26 C* * * * * * * * *w * * ** * * * * * * *S n* * .* S r* *  * . 0 s* ***S  ** *s *5 4 0..**t * *.* *;  *4 ,

ST~~Cl-4 ‘7 C
O T EC H  2~ 

NFIS L0 6 0 0 0
5700W 20 C
ST OCH “) ‘~
OT OC,- . II C
(lO CH 37 C* * *t * * ** * * * * * * * * * * * * * *** * * * * ** t 0* *. t* .* ,- - *

ST O C H  ‘3 C 05*1) T IE !NOLT 0171*  C D N T O C L  C A 0 ~~~
ST° rW 34 C* * * ** * * * * * ** * * * * * * *t * * t * *t * S * * * * *a * * ** *  t S .* *r* . . t .* .* *.t .

512t H 3! C
ETOC H 36 1557.1.

570014 17 ‘ E AD(2 , I 0 O’ ) ) I E C
ST P C I-. 18 PE*O~~5 . J 00 4 )  FV A L U! .. *CONF
STOCH 30 ( 5*C ( 5 . 1 l )O~~~) ! T 0 R . N P E A C . T T C I-~~.N P M ,N 0 U N C W .’ . ’ I ~~~T. F L T
SlOCI-’ 40 GEL ”I S .I O C3 )  NIIMNO
$TOCl-. 41 9E*C (”.IO (041 ‘*AC. N*DILs .O Nl’N
STOCl~1 42 O’AC (6 ,100 4-1 V V 4L I I~~.P0ESTN.EXCNT.00F!r0

STRC’-’ 43 PEAO (6,1004) ~ CCN5T.TCIET

ST°CN 44 C
STOCH 45 C

STOC’- 4* C***********************t***.************ * t * * * *S* *f l*W O t*S* *

21* 0.1 4 ?  C HFD.C’(ITPU’ T I T L E
S( 0C 1 4  4! C 0V &LU E~~~~ILU~ CF T I-I F A 1 . I S T S C F V  0 0 0 L M F T’ C
STOCI- l  49 C A C r0~~~~* C C E 1 E 7 A T I N r  OF CCL A T I 5 4 (  C C0 0 2 ! rT ~~~~T 0~~ C C N V ENC

SD C NC EA ~~*0 .  IF IC ~yc*~~ ,~~ 0 * C I Nr, 2 *T r .~~ NT 11 SU°00L111540 D L A C .T
STOOl-  5*  C ITCOII T~~C. (F C0540L1i’ICN 21*012 A T  T I-I F V 0 0 0  0 EC~GI~~ t I P G  * l - 0  0 12 2 1 /

5’ C S E C E N C  S’(~~S A GE INCLI IOE D IN I l-* 1101~ S l~ ~~C CO MO UTOC
S100H 5’ 0 = 1 .  OTHE~~ *I !F
512tH 54 C T I - I S  INCIt I~ 

O C LA T E ? )  1” 11- 5 n PT E F I 4 I N A T I CI  12 STC~~ S 1 ? C
ST PCW SE C NFONW* NUMBEP CF 51F02 A S S I c , N S C  0~~7 FUO
5T

~~
CN 56 0 NPUNC HOI.  IF C A T A  *0~~ 10 SE P1.~~CNED

STOCI4 57 C .0. OT I - FC* I ! F
STOCH 58 C FLIM IT* ’ASLLE 00 (50502 NCPMIf(SCLLIT~~CN N0I’ MI  0(CUIOED
512tH 59 C FOG C C NV 5 5 0 0 P C E
STOCH 60 C N O D y NT I ,  10 000*1.  0 0 15 4 1  0 9 4  i~~~~ T O l-E 0 0 T 5 4 50
STOCH SI C = 7 ,  0T l -EP4 ! !E
STDCII 62 C N( IUP 0*N(JM(EO CF NOCAL 0015415

61 C O 5 4 Q 4 1 ) * O A O * U 5  CE H O M !S P NO R I C* L  CUNCH NEA”
STOC U 64 C 0*CT I J 5 . PA D 1 I ? S  00 THE SLANK

STOCU 65 C ~ PT T N  .2 070 1 100 CC !* F I C ! E NT  0E~~w E(N PLANt 4Nt. DUNCH
Bro tH 6~~ C ECO l ET o S T E D  21?! IN M* * ! M UM  EF F E C T I VE  510* 15 I NC O 1 . M 0 0 T

STPCU 67 C

SIRCU 6! C
STOCH 60 C Y VA L U E .  DRE ST S . ‘Y OF T , DO E C T !  OFF TO 7500 5( THE M D O V H A S D EN 1 NG
STOCU TO C CHA F*CI5SISTI(S CF THE PLANK
ETOCH 7* C STQESS.YVALUE*(DOF*TN,STQATN***STFNI#~~~ E S T S
STOCH 72 C
ST0CH 73 C NEO,NU~~!E0 OF F C L * T I C P S  T O 85 SOLVED
570 014 7A C NI~M!~~ON~ IMB5E Cc . ELEMONTO
ST~ C0~ 7! C MB A N O . B A N D  * 1 0 5 . -
SItI CI.. 76 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SEPON 7? C
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STBCN TB C
578CM 70 R R V M..PVA LUE
STR CN 80 NUM”LONUMNF—I
570CM 81 *94140.5
510CM 82
STOCH e’ NOONEl)
STOCH Ba NELONUMEL
STOCk 0’ C
ST OCH 86 C
STOCk 97 141 1
STBCI4 88 N2.N1,NIJMNP
STOCk 90 N3*N2.NUMNP
STOCk 90 N40PI1AI1.UMNP
STOCk 97 N5.N4+NUMNP
STOCk 92 N5ot5+NUUNP
STOCk 03
STOCk 04 NB MTA’-AUMEL
STOCk 95 N0.54!ASOWE*.
STOCk 06 N10*N9*NLMEL
STOCk 97 NII.NIOANUMEL
STOCk 9$ 54I2 .5411+NUWEL
STOCk 94 14I!NI2ANUMELA3
STOCk *00 54140NI3+NUW!L*4
STOCk 701 N15.NI4ONUUEL*4
510CM 102 54l6.NI5ANEC
STOCk *03 N1?.NISAIIEQ*MF4PC
STOCk 104 NI5.N17+NUNEL
STOCk 105 Nl0 .N18,NUMP 0

STOCk 106 P4200*419+NLUNP
STO Ck *07 I421.N2OANUMP.F
STOCk 70 5  N22 0 N2 1 0 0UM P 0
STOCk 100 54230542?+NUMND
STOCk 1*0 5424.N?34ll.EC
$70014 I I I  142!.N24+NUMND
STOCk *12 N2605425+NUMNQ

STOCk 113 5427 .5426* NUMNE
STOCk 114 C
STOCk 115 C
STOCk *76 C
STOCk * 1 7  IF(N27 .L!. NFIEL1))G() TO 10’?
STOCk II? C
STOCk 110 w ITF(8.10071 N27
679CM *2 0  STCE
STOCk 12*  C
STOCk 122 * 0 0  CONTINUE
STOCk 123 *OITE (6.I002) 71.27
STOCk 1.24 C
ST°CM *2 8  .
ST~~CH 125 CALL F ELIM(A(54I ).A(542).A2N1).AENE),* (5481.4 (54*))
STOCk *27  C
S T R EW  *2 !  CALL  O LA S T ( A ( I 1 .1 ) .A ( N 2 ). *(Ps3).l(Ni).A(N5).O(N~~).A(0I?!.A(N!). *(N9I,
STOCk *7 0  I A ( N l O l , A ( M 7 1 ) . A ( 5 4 12 ) , * I 1 1 3 1.A ( 6 1 4 1 .A ( N I S 1 .* ( 0 1I6 ) . A ( P 17 ) .A ( N l 9 ).
STOCk *3 0  2* ( N1 0) . A (I4 2 0) , A ( 52 1) ,4 4 5 4 2 2 ) ,A ( 1 4 23 1 ,4 1 N24 ) . L( N2 ” ) ,A ( 5 4 26)
519CM 13* 1. NC .NTL,*L7MIT ,!TCCNT ,ACCEF)

STOCI. l’2 C
STOCk Ill 1002’ 0C0941(72*6 )
STOCk 134 100! * D 0 M*T ( // / *  TI-S 1)! ’EN!ICN 22~ 7H5 A R S A Y  7 * )  1! ICC “•~*LL~~I
910CM 135 7*  T O E  S I Z E  OF T I- F  *00*3 ( I )  MLST BE 4 . 17)
STBCW * 3 5 -  1002 *010AT(//* THE NECCESSACY SIZE C~ TI-? *0 0*0  ( A )  ISO . IT )
STOCk *07 *003 009M*TI#15,P1C.C)
STOCk 130 *004 FCRWAT (4510.0*
STOCk ITO 1005 000M417415,F1C.0)

STOCk 140 C
STOCH 141 5100

STOCk 142 ENC

570014 *44  SUBROUTINE PR” L l ’(~~ .T. t_0 .U7.CtD! .SL055
STOCk 745  C
STGCH *46 C**A****4*A***4*************O***7***#************t***** A*A****A*O***O**M* 1540
510CM *4 ’  C 0E5 1 )  A N D  POINT CC CEINTEOL !54F~~rV * 1 ION AND MO1EF7A ~ PDC~~E (TIES 

M A TNOOI 3

STOCk 148 0O***AA*4A**i**U*.**s8S****************t**A*A *A***t.******A***** 404****I 15400 14
STOCk 149 C
STOCk 150 C
STOCk 151 CONMOP,GE NCOO,.- UMNF.NUMEL.H E C ( I 2) .C L L . N E n .NrC1.M.Y ? EL D . T SS T .ITEO ,
ST OC k  75 7  INOE*0~~ND~~NCk ,5 4 F B I NT ,0V * Lt~E .T . .,p*sr1..op. .PAb .o4 0! t,S. OI TN .
STOCk *5 3  2 ECCNBT .S N W E C. I C IST
ST O C k *54 C
910CM 755 DIMENSTI)’4 RII).7(I).COCE(lI.U0 (I).U?(I).SLOD(l)
STOCk * 56  C
STOCk 187 0
STOCk ISA 50 CONTINUE
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STR H 700 ~~~~~~~ 7 6 . 2 0 00 )  HFT .N U * P 0 6 I ~~~ L
ST R OM 1~~0 CALL 1 4 0 2( C . . Y IELD )
!750M 7 1 7 )  4 2 1 ’ E ( A .2 0 10 )  01610
(l ock 7177  * F ! 1 0 ( 2 ,1000 )  7 150
(lOCH 75- 1 0
070tH 1~~4 r * * * * * * *0 0 0* 1 I $*. * * * *f l*$ f l  *.*fl 0 0 0 0 0 0 0 0* .*S .* * *. M A  1540030
5T004 ISO C 5 4 1  A 1J~ 02 T N T  00 lOCA L POINT 1*0 0 1 * 7 5 4 1 ) 0 3 7
STOCI- 166 r********~~~~**t* * *** *ta * t * ** * *  0*4 

STOCk 7177

STOCk 755 L O G  0 * 1 5 40 0 3 4
E’FCW 7 1 0  Ir(509I541.1 0.CI G C T  5(1

S T O C ’  17(1 W R I T E  ( 1 7 . 1 ) 1 4 )
STOCk 177 WRI TE 76 .2004) 0*11,002’
ST OC k 777  60 R E O G  (‘ . 1 0 0 7 1  N.C 0D0I l~ ) . F ( N ) ,7 ( N ) . U P ( 5 4 ) . U ? I ’ 7 .S LC r 7 I )
(lOCH 7 73  C
STOC H 174 NL L.I
STOCk 175 ZO oN—1.
STO Ck i’S lOll.  .50. 0 )  C-C TO 7”

510C* t 7~ D 1 S 0 I 0 ( N) ~~R( L ) ) / 7 X  0 * 1 5 40 0 36
S TO C k 7 7 5  T ’ 7 I ? ( 5 4 ) 2 ( L ) ) / ? 5  0 O !5 4 0C 30

STOCk 175 D U R o ( U 9 l N)~~t J 0 ( L ) l /7 0
SI000I 790 T)tJ ? = ( U 7 7 1 ) — U 7 ( L ) ) / Z
STOCk I!) D S . ( S L C F ( l s ) — S L C - P I L ) )/ 7 x
SIOCI4 7 1 7 2  C
ST R OM 15~ 

70 LoL,) 0* 1540041
ST2tH 744 IF (N—L ) 100 .05.50 0*1540042

STO Ck  185 0
STOCk 1417 “Cl CC”FIL)oO .O

STOC k 1!, 0 ( L ) o G ( L — I ) * D 0
$100.. 1’9 SLD F ( L ) OS LC PI L I I* D c
STOCk l~~ S ? ( L I O T I L — I ) * C 7
SIQ CI-I 100
212tH 7 5 1  LJ f lL) I ) ? ( L— I 1 . C U T
5150. . 797 GO ‘0 75 0 1 * 7 5 4 0 0 4 5
STOC k 7 93  0
5190W 154  0(1 IF(NLMN9~~Nl 100 .71 0,60
STOCH 105 0
5100W 106 100 OPITE (6 , 3000 ) 0.
STOCk 1 0’ CALL Et IT 0*1501)5’

S T O C k  7 04 C
STO Ck 159 1 1 0  O O N T T M I J (  0 * 7 5 0 0 5 4
S TO C k  200 IF ( N O OI I 4 T. E( 7. f )  110 70 120
(lOCH 751 7 W~~TTE (5.200’

) (F ,C005(K),O(K),0(*),II*(K).I,YI*7.SL OF(KI,t.I.NUONI’)

STO C k 202  120 CONT ’4 U
ST OCk 203 C
STOCk 204
STOC k 20! *T I T E ( 1 ., 1 I 2 2 )  5460. 010* 140
S7°CH 206 0
STOCk 207 15102 0000161 (75.F5.O.CFI O.C ) 1*754 0122

STO C k 200 1003 F0 9 0* T ( 1 f , f 5 7
ST OCk 209 1004 0000AT (I5,21I1.2#10.17)

STOCk 21 0 7005 2tlP0*1(2I5,4F10.0)

STOC k 2 7 1  1(10’ F000AT (// * T O E  N fCAL  SC I NT S  AT W HICH Cn2t0 C*LCUL* !” t LII-  0 1 0 7 1

STOCk 212 7551* 1/ 2”!!)
STREW 2)3 11)07 0000AT(Ik1.150 . 10k L I NEA RLY  “7 2 ’F I~~ 1’T 5C ° ‘UNCS-’Y (~~~ 05 5’ 5/
STOCk ‘14 1 / 60H NODE I NODE j  0~~ E0 S ( J OE  I 000SSLIQE J 5ME*~ I
STOCk 27% 7 14k SHEAR J)

STOCk 216 lOO P 0000A1I2I9,4E15.”)

STOCH 217 1(100 F7lOllA’I ///* 0401010 N(IW PFE 5~0 !TI-’AT!rNS ALLOWE’) * 50  E A C H  INC200PN
STOCk 21! II ~~~. I!)
STOCk 210 1 1 1 4  090AT(1H1 . 3 1  5400* 1 EC1IsT 10.0020*1)09. O F F O O l  !C*L1540//)

STOCk 220 1722 F C 1 0 0 AT ( / / /  * l U MB E R OF E O U AT I D N !  00 , 14/
STOCk 22) I A F A N C w I r T ~~ =* , 74 /
STOCk 2~~2 2 A C1AG0N*L ELEM !57S .• . 14 7
STOCk 223 7000 0090*1 (104 12*5/
STOCk 2.4 1 TOkO NUMOER CF NODAL ECIN S 10 / 0* 1 5 40 12 7
6T004 225 2 TOk O NUMOEP CO E LEME N T S  IT / )
STOCk 25 2002 0000*1 ( I 12 . E 1 2 .2 . 2 0 1 ; . 3 , 3 52 4 . 7)
STOCk 227  2003 FO O M A T  ( I ! 1 3 ,4 I 8 , I II Z)  MA I M O I O 7
STOCk 22? 2004 00001*1 5/  * NODAL 001541 100! P— O RD I NA T E  Z 000TN *TE F

S TOCk 229 l A D  CO D IS O L* C E M € NT  ‘ ICAD CR O!EOL*CEME4I SElL—SLOPE *)

STOCk 210 2005 000014 (// ,0000CE ( 5OSClEIE~ AT 0.00*1 POIN T*.//.

BIRCH 231 7 * 0~0O*L PT .  ELEMENT ) ‘LE SNTP DO!!~~U~~17
STO~~k 23? ‘005 0000*1 (25 W 05401 ’AL  O~~7 N~ CAS’)  E0 ~~C0 54* 7 *)  0*150)45

ST0~~ l 233 2010 *IIOMA TI// * IN IT IAL YI~~LD STOESI- • 4 , ~~7r~~7//)

510C’l 234 0011.054
STOCk 23! 5540

STOCk 717 51)9000115! P L* ST ( O , 7,UE.U?.C0Cr .BLO0 ,V Y .V lC .S0I~ I,C0HI.DL.S1S, TEP S.
STOC k 23$ IEDS, !.A.TMIC K .A LOI-* ,C , A V*4,! T 4 . CONC CE. DHl.O0 .TO UCH .000 ,UUT .
STOCk 230 214l1,P.EL. CLIM !T .ITCON .ACDE F ,Mr’EW )
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570CM 242’ 0001MDN,GEN CO0. ,N1.MNF,NLPEL .W ! f l 7 I ? I , CL L .5450 .N000N ,YIEL ’) .T!ST ,ITEN ,
STOCk 247
STOCk 247 250C0.ST.FP.kEO.TD15T
610CR. 24 3  C
STOCW 24* C****b*****S****** St * ** * *** *,* * * * *A S* S I* *S** f l *W A* * * *t * t SS* *f l j* *

519CR. 245 C 01A”T IS THE CONTODLLII*I1 0U99011’INE

STOCk 7417 OS******L**000*A********S********* **** 

510 CR. ‘*7 0
STOCk 244

STOCk 2*9 00 I -NS IOW P ( 1) .7 ( 1) . 4JR( ll.I?’t l ) . C CO F C I) . S l OO ( I ) . YY l I l . Y X I I).
STOCk 250 ) 15 95 14 . 7) .f h I ) , A (N0 . 1). 1441C5 ( l ) ,C P k I ( I l .50R.I l l l. D L ( 1 % .006(4 ,1 ).
STOCk 257 2A1PWA II) ,GA WVAII) .ETAll).FONFC* (1l.PHI (1 ).FOl1),TOUCH(l)

STOCk 262 ‘,S7~~(3,Il ,UUF(1).UU7(1l
STOCk 253 C000CP#AT’)UCI,NIOUCI-
510 CM 254 C
STOCk 2’S C**A******* **A **40 ****A******.A****4*A**A *A00 A**.I **** .*.*AA*4. *4$**.,

STROM 2(5- C 7k5 FIRST 54006 15 LCCAT !D AT TI- F ElM 0 T W O  01*545
510004 247 0 4141) TH6 °OLE 15 7040 LA S T  070515
STOCk 254 ~~*4* A * A * ** *j *$ * * *$ A * , , A S A A* * * *A * * *4 * ** * * * * * * *. * *. A*4* A * *A** * * *.* * * * A .

STOCk 259 0
STOCk 260 C
STOCk 2(1 C ** * * * *** * * * * * * * * * *** * * * * ***A * *A * * * ***A * *4 ** *4 4 0 0 0 0 A A 4* * * * * ***8A . A** *A * *

STOCk 2~~7 C 47,A7 ARE CONS’ANFS OSLATE’) 1” D0TEPM 1NA 1ION 00 ACOCF

STOCk 253 C ON000000ESENT PCS!T IOP~ fl~ ~ UNO- 075*0
STOCk 264 C NYCLCM FTPST NODAL 001541 114 CONTACT W I T H  0USd . HEAD

STOCk 2 5 5  0 P4CI- FCK.NUM#EE C~~ NODES FOR 0141CM TkL CONTACTING ILL °‘ CI-ECKED
STOCk 25-6 C TCI. C0000 , 70 F CU I t*Cv  IS TO ADV ANCE
STOCk 257 C *1. 0101800155

STOCk 268 C******4**************************A************A**A**A. *******A***** **
STOCk 269 C
519004 270 C
5 RCM 771 P Nk 0 0 0 7 ( NUM NC)
STOCk 272 42.2.

STOCk 273 *1.10.
STOCk 274 NCk!CK.54UMEL/7C~
STOCk 77% P4lJMI.NUMNO—l
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APPENDIX D

PROGRAM FOR THE ANALYSIS OF DEEP DRAWING AND
- 

‘ 
PUNCH STRETCHING WITH ROUND DIE CORNER

This pr ogram is fo r the analys is of deep drawing with a hemispherical

punch head and stretching with a hemispherical punch head. In stretching,

a round die prof ile is considered.

(I) Data prepara tion card

1 . Read HED (A 12)

2 . Read RVALIJ E , 1, ACOEF (SF 10 .0)

3. Read ITER , NREAD , ITCONT , NFORM , NPIJNCH, NPRINT , FLIMIT (615 , F10.0)

4. Read N UMN P , NDEX (615)
NDEX: 2, if punch stretching is to be analyzed

3, if deep drawing is to be analyzed

5. Read PNRAD, RADIUS , DIERAD , RTART (4F 10.0)

DIERA D: Radius of the die prof i le
RTHRT: Distance from the pole to the die throat

6. Read FRITNP, FRITND , BHFCE (4F 10 .0)

FRITNP : Friction coefficient betweer. the punch head and the blank

FRITND : Fric tion coeff icient be tween the die and the bla nk

BHFCE : Blank holding force
Set 0.0 for punch s tretching prob lem

7. Read YVALUE , PRESTN, EXPNT , PRESTS (4F 10 .0)

8. Read TCONTC , TDIST , ECONST (4F 10 .0)
TCONTC: Cri terion distance of the contac t wi th the die prof i le

To start with , set this 0.002

9. Read N, CODE(N) , R(N) , Z(N) , UR(N) , UZ (N) , SLOP(N) , (IS , F5.0, SF 10.0)

10. If NREAD 1, the new input data is to be placed behind the nodal
informa tion card .
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